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1  Scope of the Chapter

This chapter provides functions for the solution of linear least-squares problems, eigenvalue problems and
singular value problems, as well as associated computations. It provides functions for:

— solution of linear least-squares problems
— solution of symmetric eigenvalue problems
— solution of nonsymmetric eigenvalue problems
— solution of singular value problems
— solution of generalized symmetric-definite eigenvalue problems
— solution of generalized nonsymmetric eigenvalue problems
— solution of generalized singular value problems
— solution of generalized linear least-squares problems
— matrix factorizations associated with the above problems
— estimating condition numbers of eigenvalue and eigenvector problems
— estimating the numerical rank of a matrix
— solution of the Sylvester matrix equation
Functions are provided for both real and complex data.

For a general introduction to the solution of linear least-squares problems, you should turn first to Chapter
F04. The decision trees, at the end of Chapter FO4, direct you to the most appropriate functions in
Chapters F04 or f08. Chapters FO04 and fO8 contain Black Box (or driver) functions which enable standard
linear least-squares problems to be solved by a call to a single function.

For a general introduction to eigenvalue and singular value problems, you should turn first to Chapter F02.
The decision trees, at the end of Chapter F02, direct you to the most appropriate functions in Chapters F02
or f08. Chapters F02 and fO8 contain Black Box (or driver) functions which enable standard types of
problem to be solved by a call to a single function. Often functions in Chapter FO2 call Chapter f08
functions to perform the necessary computational tasks.

The functions in this chapter (FO8) handle only dense, band, tridiagonal and Hessenberg matrices (not
matrices with more specialized structures, or general sparse matrices). The tables in Section 3 and the
decision trees in Section 4 direct you to the most appropriate functions in Chapter fOS8.

The functions in this chapter have all been derived from the LAPACK project (see Anderson et al. 1999).
They have been designed to be efficient on a wide range of high-performance computers, without
compromising efficiency on conventional serial machines.

It is not expected that you will need to read all of the following sections, but rather you will pick out those
sections relevant to your particular problem.

2 Background to the Problems

This section is only a brief introduction to the numerical solution of linear least-squares problems,
eigenvalue and singular value problems. Consult a standard textbook for a more thorough discussion, for
example Golub and Van Loan 1996.

2.1 Linear Least-squares Problems
The linear least-squares problem is

minignize |6 — Ax||,, (1)

where 4 is an m by n matrix, b is a given m element vector and x is an n element solution vector.
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In the most usual case m > n and rank(4) = n, so that 4 has full rank and in this case the solution to
problem (1) is unique; the problem is also referred to as finding a least-squares solution to an
overdetermined system of linear equations.

When m < n and rank(4) =m, there are an infinite number of solutions x which exactly satisfy
b—Ax =0. In this case it is often useful to find the unique solution x which minimizes ||x|,, and the
problem is referred to as finding a minimum norm solution to an underdetermined system of linear
equations.

In the general case when we may have rank(4) < min(m,n) — in other words, 4 may be rank-deficient —
we seek the minimum norm least-squares solution x which minimizes both ||x||, and ||b — Ax||,.

This chapter (FO8) contains driver functions to solve these problems with a single call, as well as
computational functions that can be combined with functions in Chapter FO7 to solve these linear least-
squares problems. Chapter FO4 also contains Black Box functions to solve these linear least-squares
problems in standard cases. The next two sections discuss the factorizations that can be used in the
solution of linear least-squares problems.

2.2 Orthogonal Factorizations and Least-squares Problems

A number of functions are provided for factorizing a general rectangular m by n matrix 4, as the product
of an orthogonal matrix (unitary if complex) and a triangular (or possibly trapezoidal) matrix.

A real matrix Q is orthogonal if Q*Q = I; a complex matrix Q is unitary if Q"'Q = 1. Orthogonal or
unitary matrices have the important property that they leave the 2-norm of a vector invariant, so that

[l = [1Oxll,,

if O is orthogonal or unitary. They usually help to maintain numerical stability because they do not
amplify rounding errors.

Orthogonal factorizations are used in the solution of linear least-squares problems. They may also be used
to perform preliminary steps in the solution of eigenvalue or singular value problems, and are useful tools
in the solution of a number of other problems.

2.2.1 QR factorization

The most common, and best known, of the factorizations is the QR factorization given by
AzQ(Ig), if m > n,

where R is an n by n upper triangular matrix and Q is an m by m orthogonal (or unitary) matrix. If 4 is of
full rank n, then R is nonsingular. It is sometimes convenient to write the factorization as

4= (QIQ»(];)

which reduces to
A= 0O\R,
where O, consists of the first n columns of O, and O, the remaining m — n columns.
If m < n, R is trapezoidal, and the factorization can be written
A= Q(R\R,), if m<n,
where R; is upper triangular and R, is rectangular.

The QR factorization can be used to solve the linear least-squares problem (1) when m > n and 4 is of full
rank, since

B

— Rx
b — x|, = [|Q"b — 0" 4x|, = H ( ‘o )

2

where
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T
c:(cl): Orb o

] T
0, b
and c¢; is an n element vector. Then x is the solution of the upper triangular system
Rx=c 1-

The residual vector » is given by

r:b—Ax:Q<CO>.
2

The residual sum of squares ||r|,> may be computed without forming  explicitly, since

17l = 116 = Ax[l, = llez]l;-

2.2.2 LQ factorization
The LQ factorization is given by

A=(L 00=(L 0)<g;>:LQ1, it m<n,

where L is m by m lower triangular, Q is n by n orthogonal (or unitary), O, consists of the first m rows of
0, and O, the remaining n — m rows.

The LQ factorization of A4 is essentially the same as the QR factorization of AT (AH if 4 is complex), since
T v L"
A=(L 0)Q<4 :Q<0>.

The LQ factorization may be used to find a minimum norm solution of an underdetermined system of
linear equations Ax = b where A4 is m by n with m < n and has rank m. The solution is given by

e QT<L_Olb>.

2.2.3 OR factorization with column pivoting

To solve a linear least-squares problem (1) when 4 is not of full rank, or the rank of 4 is in doubt, we can
perform either a QR factorization with column pivoting or a singular value decomposition.

The QR factorization with column pivoting is given by
A:Q(ﬁ)PT, m2n,

where O and R are as before and P is a (real) permutation matrix, chosen (in general) so that
rul = |rpf = > |r

nn |

and moreover, for each £,

|ka‘2||Rij 2 ]:k+1,,l’l

_(Rn Ri

k= ( 0 R22
where R;, is the leading k by & upper triangular sub-matrix of R then, in exact arithmetic, if rank(4) = &,
the whole of the sub-matrix R,, in rows and columns & + 1 to n would be zero. In numerical computation,

the aim must be to determine an index k, such that the leading sub-matrix R;; is well-conditioned, and R,
is negligible, so that

If we put
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R— Ry Rp\ (R R
0 Ry/) 0 0o /)
Then k is the effective rank of 4. See Golub and Van Loan 1996 for a further discussion of numerical

rank determination.

The so-called basic solution to the linear least-squares problem (1) can be obtained from this factorization

as
x=P Rl_llél
O b
where ¢, consists of just the first k& elements of ¢ = O'b.

2.2.4 Complete orthogonal factorization

The QR factorization with column pivoting does not enable us to compute a minimum norm solution to a
rank-deficient linear least-squares problem, unless R;, = 0. However, by applying for further orthogonal
(or unitary) transformations from the right to the upper trapezoidal matrix (R;; Ry, ), Rj, can be
eliminated:

(R11 Ry, )Z: (T11 0)'

This gives the complete orthogonal factorization

AP_Q<TO11 8>ZT

from which the minimum norm solution can be obtained as
T ¢
x=pPz[| U ).
("

The QL and RQ factorizations are given by

A—Q<2>, if m > n,

A=(0 R)OQ, if m <n.

The factorizations are less commonly used than either the QR or LQ factorizations described above, but
have applications in, for example, the computation of generalized QR factorizations.

2.2.5 Other factorizations

and

2.3 The Singular Value Decomposition

The singular value decomposition (SVD) of an m by n matrix 4 is given by
A=Uxv", (A = UXV"in the complex case)

where U and V are orthogonal (unitary) and X' is an m by n diagonal matrix with real diagonal elements,
0;, such that

o202 2 O min(m,n) > 0.

The o; are the singular values of A and the first min(m,n) columns of U and V are the left and right
singular vectors of A. The singular values and singular vectors satisfy

AV,’ - Uiui and ATu,- - O-ivi (01’ AHMI' - O‘iv,»)
where u; and v; are the ith columns of U and V respectively.

The computation proceeds in the following stages.
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1. The matrix 4 is reduced to bidiagonal form 4 = U IBVIT if 4isreal (4 =U 1BV11{ if 4 is complex),
where U, and V' are orthogonal (unitary if 4 is complex), and B is real and upper bidiagonal when
m > n and lower bidiagonal when m < n, so that B is nonzero only on the main diagonal and either
on the first superdiagonal (if m > n) or the first subdiagonal (if m < n).

2. The SVD of the bidiagonal matrix B is computed as B = U,XV3, where U, and V', are orthogonal
and X' is diagonal as described above. The singular vectors of 4 are then U = U,U, and V = V| V5.

If m > n, it may be more efficient to first perform a QR factorization of 4, and then compute the SVD of
the n by n matrix R, since if A = QR and R = UXV", then the SVD of 4 is given by 4 = (QU) XV,

Similarly, if m < n, it may be more efficient to first perform an LQ factorization of 4.

This chapter supports two primary algorithms for computing the SVD of a bidiagonal matrix. They are:
(1) the divide and conquer algorithm;

(i1) the QR algorithm.

The divide and conquer algorithm is much faster than the QR algorithm if singular vectors of large
matrices are required.

2.4 The Singular Value Decomposition and Least-squares Problems

The SVD may be used to find a minimum norm solution to a (possibly) rank-deficient linear least-squares
problem (1). The effective rank, &, of 4 can be determined as the number of singular values which exceed

a suitable threshold. Let 5 be the leading & by k sub-matrix of X', and ¥ be the matrix consisting of the
first £ columns of . Then the solution is given by

NP
x=VX ¢,

where ¢; consists of the first £ elements of ¢ = U Tp = UZTU lTb.

2.5 Generalized Linear Least-squares Problems

The simple type of linear least-squares problem described in Section 2.1 can be generalized in various
ways.

1. Linear least-squares problems with equality constraints:
find x to minimize § = |jc — 4x]|,> subject to  Bx=d,

where 4 is m by n and B is p by n, with p < n < m + p. The equations Bx = d may be regarded as a
set of equality constraints on the problem of minimizing S. Alternatively the problem may be
regarded as solving an overdetermined system of equations

(5)=(3)

where some of the equations (those involving B) are to be solved exactly, and the others (those
involving A4) are to be solved in a least-squares sense. The problem has a unique solution on the

1; has full column rank #. (For linear least-
squares problems with inequality constraints, refer to Chapter E04.)

assumptions that B has full row rank p and the matrix

2. General Gauss—Markov linear model problems:
minimize ||y, subject to d = Ax + By,

where 4 is m by n and B is m by p, with n <m <n+p. When B = I, the problem reduces to an
ordinary linear least-squares problem. When B is square and nonsingular, it is equivalent to a
weighted linear least-squares problem:

find x to minimize HBi1 (d — 4x)||,-

The problem has a unique solution on the assumptions that 4 has full column rank #n, and the matrix
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(4, B) has full row rank m. Unless B is diagonal, for numerical stability it is generally preferable to
solve a weighted linear least-squares problem as a general Gauss—Markov linear model problem.

2.6 Generalized Orthogonal Factorization and Generalized Linear Least-squares
Problems

2.6.1 Generalized QR Factorization

The generalized QR (GQR) factorization of an » by m matrix 4 and an »n by p matrix B is given by the
pair of factorizations

A= QR and B=0TZ,

where Q and Z are respectively n by n and p by p orthogonal matrices (or unitary matrices if 4 and B are
complex). R has the form

R = m Ry , ifn>m,
n—m 0

n m-—n
R:,,(R11 Ry, ), if n<m,

or

where R;; is upper triangular. 7 has the form
p—n n
T:n( 0 le)’ lfngpa
or

p

r=n-r(Tu), if n>p,
p\ Ty

where T, or T,; is upper triangular.

Note that if B is square and nonsingular, the GQR factorization of 4 and B implicitly gives the OR
factorization of the matrix B~ '4:

B ' =Z7"(T"'R)
without explicitly computing the matrix inverse B~' or the product B~'A4.

The GQR factorization can be used to solve the general (Gauss—Markov) linear model problem (GLM)
(see Section 2.5). Using the GQR factorization of 4 and B, we rewrite the equation d = Ax + By as

0%d =0%4x+ 0By
=Rx+TZy.
We partition this as

m p—n+m n—m

(dl> — m Rll x+ m Tll T12 <yl>
dy n—m\ O n—m 0 Ty Y2
di\ _ o1 ()ﬁ) —

=0 d, and =27y.
<d2> © B%) 4

The GLM problem is solved by setting

where

»n=>0 and v, =Ty d,
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from which we obtain the desired solutions

x=Ry!(d; —Tpy,)  and y:ZT<)?2)-

2.6.2 Generalized RQ Factorization

The generalized RQ (GRQ) factorization of an m by n matrix 4 and a p by »n matrix B is given by the
pair of factorizations

A=RQO, B=2ZTQO

where Q and Z are respectively n by n and p by p orthogonal matrices (or unitary matrices if 4 and B are
complex). R has the form

R:m< 0 Rlz)’ if m<n,

or

R=m—n(Ruy |, if m>n,
n \ Ry

where R, or R,; is upper triangular. 7 has the form

T="(Tu), ifp>n,
p—n\ 0

p n—p
T:p(T11 le), if p <n,

or

where T4 is upper triangular.

Note that if B is square and nonsingular, the GRQ factorization of 4 and B implicitly gives the RQ
factorization of the matrix 4B~ ':

AB™' = (RT HZ"
without explicitly computing the matrix B! or the product AB7".

The GRQ factorization can be used to solve the linear equality-constrained least-squares problem (LSE)
(see Section 2.5). We use the GRQ factorization of B and A (note that B and 4 have swapped roles),
written as

B=TQ and A = ZRQ.
We write the linear equality constraints Bx = d as
TOx =d,

n—p p X x
1) _ 1
p< 0 T12) <x2) =d where <x2>

Therefore x, is the solution of the upper triangular system

T|2)C2 =d.

which we partition as:

O,
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Furthermore,
[Ax —cll, = HZTAX - ZTCHz
|ROx — Zel|,

We partition this expression as:
n—p Rll R12 (xl> _ (Cl>
P+m—n 0 Ry, X2 &)’
where (cl) =Z'c.
()

To solve the LSE problem, we set
Ryx; +Ripxy —c1 =0
which gives x; as the solution of the upper triangular system
Ryjxp = ¢; — Rppxy.

Finally, the desired solution is given by

2.6.3 Generalized Singular Value Decomposition (GSVD)

The generalized (or quotient) singular value decomposition of an m by n matrix 4 and a p by n matrix
B is given by the pair of factorizations

A=UX[0,RI0" and B=V53,[0,R|0".
The matrices in these factorizations have the following properties:

— Uismbym, Vispbyp, Qis n by n, and all three matrices are orthogonal. If 4 and B are complex,
these matrices are unitary instead of orthogonal, and Q" should be replaced by O" in the pair of
factorizations.

— R is r by r, upper triangular and nonsingular. [0, R] is » by n (in other words, the 0 is an » by n — r

. ) ) A )
zero matrix). The integer r is the rank of ( B)’ and satisfies r < n.

— XY, is m by r, X, is p by r, both are real, nonnegative and diagonal, and EITZ] + Ererz = 1. Write
iy, = diag(oﬁ, cee af) and X1 %, = diag(ﬁ%, e ﬁf), where «; and (; lie in the interval from 0 to
1. The ratios «; /3, ...,a,/(, are called the generalized singular values of the pair 4, B. If 8, =0,
then the generalized singular value «;/(; is infinite.

2/, and X, have the following detailed structures, depending on whether m —r > 0 or m —r < 0. In the
first case, m — r > 0, then

k1 kol
k(I O
X = o C and Xy = 5(8 ‘g)
m—k—1\0 0 P
Here [ is the rank of B, k=r—1, C and S are diagonal matrices satisfying C*+S> =1, and S is
nonsingular. We may also identify o) = - =0y =1L, oy, =cy, fori=1,...,, 5y =--- =5, =0, and
Bpyi = Si, fori=1,...,1. Thus, the first k£ generalized singular values «;/f,. .., o /0, are infinite, and

the remaining / generalized singular values are finite.

108.10 [NP3663/21]
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In the second case, when m — r < 0,

5 = k|1 0 0
m—k\0 C 0
and
k m—k k+1—m
m—=k [0 S 0
2 =k+l-m|0 0 I
p—1\0 0 0
Again, [ is the rank of B, k =r—/, C and S are diagonal matrices satisfying C*> 4+ S> =1, and S is
nonsingular, and we may identify oy =---=o; =1 o, =c; for i=1,....m—k,
Oy =-=0,=0, By =---=0,=0, Brpy=s4 for i=1,....m—k and 8, ,=---=06,.=1.
Thus, the first £ generalized singular values «/(, ..., a;/0; are infinite, and the remaining / generalized

singular values are finite.

Here are some important special case of the generalized singular value decomposition. First, if B is square
and nonsingular, then » = n and the generalized singular value decomposition of 4 and B is equivalent to

the singular value decomposition of 4B~!, where the singular values of 4B~ are equal to the generalized
singular values of the pair 4, B:

AB™' = (USIRQV) (Y 5,R0T) ' = U(2, 571,
Second, if the columns of (ATBT)T are orthonormal, then » = n, R = I and the generalized singular value

decomposition of 4 and B is equivalent to the CS (Cosine—Sine) decomposition of (ATBT)T:

(5)=(5 7)(3)e"

Third, the generalized eigenvalues and eigenvectors of 4*4 — AB'B can be expressed in terms of the
generalized singular value decomposition: Let

)

T,T (0 0 T T (0 0
XAAX-(O Zr]ffﬁ) and XBBX-(O 22’1‘22>.

Then

Therefore, the columns of X are the eigenvectors of A*4 — AB'B, and ‘nontrivial’ eigenvalues are the
squares of the generalized singular values (see also Section 2.8). ‘Trivial’ eigenvalues are those

corresponding to the leading n — r columns of X, which span the common null space of 4*4 and B'B.
The ‘trivial eigenvalues’ are not well defined.

2.7 Symmetric Eigenvalue Problems

The symmetric eigenvalue problem is to find the eigenvalues, A\, and corresponding eigenvectors, z # 0,
such that

Az = Az, A= AT, where A is real.
For the Hermitian eigenvalue problem we have
Az = Az, A= AH, where A is complex.
For both problems the eigenvalues A are real.
When all eigenvalues and eigenvectors have been computed, we write

A=27zAZ" (or A=zAZ" if complex),
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where A is a diagonal matrix whose diagonal elements are the eigenvalues, and Z is an orthogonal (or
unitary) matrix whose columns are the eigenvectors. This is the classical spectral factorization of A.

The basic task of the symmetric eigenproblem functions is to compute values of A and, optionally,
corresponding vectors z for a given matrix 4. This computation proceeds in the following stages.

1. The real symmetric or complex Hermitian matrix 4 is reduced to real tridiagonal form T. If A is real
symmetric this decomposition is 4 = QTQ" with Q orthogonal and 7' symmetric tridiagonal. If 4 is
complex Hermitian, the decomposition is 4 = QTQ" with O unitary and T, as before, real symmetric
tridiagonal.

2. Figenvalues and eigenvectors of the real symmetric tridiagonal matrix 7' are computed. If all

eigenvalues and eigenvectors are computed, this is equivalent to factorizing 7 as T = SAST, where S
is orthogonal and A is diagonal. The diagonal entries of A are the eigenvalues of 7', which are also
the eigenvalues of A4, and the columns of S are the eigenvectors of T'; the eigenvectors of 4 are the

columns of Z = QS, so that A = ZAZ* (ZAZ" when A4 is complex Hermitian).

This chapter supports four primary algorithms for computing eigenvalues and eigenvectors of real
symmetric matrices and complex Hermitian matrices. They are:

(1) the divide-and-conquer algorithm;

(i1) the QR algorithm;

(iii) bisection followed by inverse iteration;

(iv) the Relatively Robust Representation (RRR).

The divide-and-conquer algorithm is generally more efficient than the traditional QR algorithm for
computing all eigenvalues and eigenvectors, but the RRR algorithm tends to be fastest of all. For further
information and references see Anderson et al. 1999.

2.8 Generalized Symmetric-definite Eigenvalue Problems

This section is concerned with the solution of the generalized eigenvalue problems Az = ABz, ABz = )z,
and BAz = )z, where 4 and B are real symmetric or complex Hermitian and B is positive-definite. Each of
these problems can be reduced to a standard symmetric eigenvalue problem, using a Cholesky factorization

of B as either B=LL" or B=U"U (LL" or U"U in the Hermitian case).
With B = LL", we have
Az=ABz= (L7'AL™")(L"z) = A(L"z).
Hence the eigenvalues of Az = ABz are those of Cy = Ay, where C is the symmetric matrix C = L™'4L™"
and y = L"z. In the complex case C is Hermitian with C = L™ '"AL™™ and y = L"z.

Table 1 summarizes how each of the three types of problem may be reduced to standard form Cy = )y,
and how the eigenvectors z of the original problem may be recovered from the eigenvectors y of the
reduced problem. The table applies to real problems; for complex problems, transposed matrices must be
replaced by conjugate-transposes.

Type of problem | Factorization of B Reduction Recovery of eigenvectors
1. | Az = \Bz B=1LL", C=L'4L7T, | z=L"Ty,
B=U"U c=UvTqu!' | z=U"Y
2. | ABz = )z B=LL", C=1"4L, z=L""y,
B=U"U C=U4U" z=U"
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3. | BAz= Xz B=LL", C=L"4L, z=1Ly,
B=U"U C = UAUT z=U"y
Table 1

Reduction of generalized symmetric-definite eigenproblems to standard problems

When the generalized symmetric-definite problem has been reduced to the corresponding standard problem
Cy = )y, this may then be solved using the functions described in the previous section. No special
functions are needed to recover the eigenvectors z of the generalized problem from the eigenvectors y of
the standard problem, because these computations are simple applications of Level 2 or Level 3 BLAS.

2.9 Packed Storage for Symmetric Matrices

Functions which handle symmetric matrices are usually designed so that they use either the upper or lower
triangle of the matrix; it is not necessary to store the whole matrix. If either the upper or lower triangle is
stored conventionally in the upper or lower triangle of a two-dimensional array, the remaining elements of
the array can be used to store other useful data. However, that is not always convenient, and if it is
important to economize on storage, the upper or lower triangle can be stored in a one-dimensional array of
length n(n + 1)/2; that is, the storage is almost halved.

This storage format is referred to as packed storage; it is described in Section 3.2.

Functions designed for packed storage are usually less efficient, especially on high-performance computers,
so there is a trade-off between storage and efficiency.

2.10 Band Matrices

A band matrix is one whose elements are confined to a relatively small number of subdiagonals or
superdiagonals on either side of the main diagonal. Algorithms can take advantage of bandedness to
reduce the amount of work and storage required. The storage scheme for band matrices is described in
Section 3.2.

If the problem is the generalized symmetric definite eigenvalue problem 4z = ABz and the matrices 4 and
B are additionally banded, the matrix C as defined in Section 2.8 is, in general, full. We can reduce the
problem to a banded standard problem by modifying the definition of C thus:

C=x"4x, where X=U'Q0 orL1Q,
where Q is an orthogonal matrix chosen to ensure that C has bandwidth no greater than that of 4.

A further refinement is possible when 4 and B are banded, which halves the amount of work required to
form C. Instead of the standard Cholesky factorization of B as UTU or LL", we use a split Cholesky

factorization B = STS, where
U )
S =
(M 2 Ly

with Uy, upper triangular and L,, lower triangular of order approximately n/2; S has the same bandwidth
as B.
2.11 Nonsymmetric Eigenvalue Problems

The nonsymmetric eigenvalue problem is to find the eigenvalues, A, and corresponding eigenvectors, v # 0,
such that

Av = dv.
More precisely, a vector v as just defined is called a right eigenvector of A, and a vector u # 0 satisfying
u'A =" (uHA = M when u is complex)
is called a left eigenvector of A.

A real matrix 4 may have complex eigenvalues, occurring as complex conjugate pairs.
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This problem can be solved via the Schur factorization of A, defined in the real case as
A=7T7",

where Z is an orthogonal matrix and 7 is an upper quasi-triangular matrix with 1 by 1 and 2 by 2 diagonal
blocks, the 2 by 2 blocks corresponding to complex conjugate pairs of eigenvalues of 4. In the complex
case, the Schur factorization is

A=2717",
where Z is unitary and 7 is a complex upper triangular matrix.

The columns of Z are called the Schur vectors. For each k (1 < k < n), the first £ columns of Z form an
orthonormal basis for the invariant subspace corresponding to the first & eigenvalues on the diagonal of 7.
Because this basis is orthonormal, it is preferable in many applications to compute Schur vectors rather
than eigenvectors. It is possible to order the Schur factorization so that any desired set of k£ eigenvalues
occupy the k leading positions on the diagonal of 7.

The two basic tasks of the nonsymmetric eigenvalue functions are to compute, for a given matrix 4, all n
values of A and, if desired, their associated right eigenvectors v and/or left eigenvectors u, and the Schur
factorization.

These two basic tasks can be performed in the following stages.

1. A general matrix A4 is reduced to upper Hessenberg form H which is zero below the first subdiagonal.

The reduction may be written 4 = QHQ" with O orthogonal if A is real, or 4 = QHQO" with O
unitary if 4 is complex.

2. The upper Hessenberg matrix H is reduced to Schur form 7', giving the Schur factorization H = STS™
(for H real) or H = ST sH (for H complex). The matrix S (the Schur vectors of H) may optionally be
computed as well. Alternatively S may be postmultiplied into the matrix O determined in stage 1, to
give the matrix Z = QS, the Schur vectors of 4. The eigenvalues are obtained from the diagonal
elements or diagonal blocks of T.

3. Given the eigenvalues, the eigenvectors may be computed in two different ways. Inverse iteration can
be performed on H to compute the eigenvectors of H, and then the eigenvectors can be multiplied by
the matrix Q in order to transform them to eigenvectors of A. Alternatively the eigenvectors of 7' can
be computed, and optionally transformed to those of H or A if the matrix S or Z is supplied.

The accuracy with which eigenvalues can be obtained can often be improved by balancing a matrix. This
is discussed further in Section 2.14.6 below.

2.12 Generalized Nonsymmetric Eigenvalue Problem

The generalized nonsymmetric eigenvalue problem is to find the eigenvalues, A, and corresponding
eigenvectors, v # 0, such that

Av = A\Bv.

More precisely, a vector v as just defined is called a right eigenvector of the matrix pair (4,B), and a
vector u # 0 satisfying

u'A = u"B (uHA = \u''B when u is complex)
is called a left eigenvector of the matrix pair (4, B).

If B is singular then the problem has one or more infinite eigenvalues A = oo, corresponding to Bv = 0.
Note that if A4 is nonsingular, then the equivalent problem puAv = Bv is perfectly well defined and an
infinite eigenvalue corresponds to ;1 = 0. To deal with both finite (including zero) and infinite eigenvalues,
the functions in this chapter do not compute A explicitly, but rather return a pair of numbers («, 3) such
that if 5# 0

A=a/f

and if #0 and =0 then A=o00. [ is always returned as real and nonnegative. Of course,
computationally an infinite eigenvalue may correspond to a small 3 rather than an exact zero.
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For a given pair (4, B) the set of all the matrices of the form (4 — AB) is called a matrix pencil and A and
v are said to be an eigenvalue and eigenvector of the pencil (4 — AB). If A and B are both singular and
share a common null-space then

det(A —AB) =0

so that the pencil (4 — AB) is singular for all X\. In other words any A can be regarded as an eigenvalue.
In exact arithmetic a singular pencil will have o« = = 0 for some («, 3). Computationally if some pair
(o, B) is small then the pencil is singular, or nearly singular, and no reliance can be placed on any of the
computed eigenvalues. Singular pencils can also manifest themselves in other ways; see, in particular,
Sections 2.3.5.2 and 4.11.1.4 of Anderson et al. 1999 for further details.

The generalized eigenvalue problem can be solved via the generalized Schur factorization of the pair
(4, B) defined in the real case as

A=0S7', B=0T1Z",

where O and Z are orthogonal, T is upper triangular with nonnegative diagonal elements and S is upper
quasi-triangular with 1 by 1 and 2 by 2 diagonal blocks, the 2 by 2 blocks corresponding to complex
conjugate pairs of eigenvalues. In the complex case, the generalized Schur factorization is

A4=0sz%  B=orZ4,

where Q and Z are unitary and S and T are upper triangular, with 7" having real nonnegative diagonal
elements. The columns of O and Z are called respectively the left and right generalized Schur vectors and
span pairs of deflating subspaces of A and B, which are a generalization of invariant subspaces.

It is possible to order the generalized Schur factorization so that any desired set of & eigenvalues
correspond to the k leading positions on the diagonals of the pair (S, T).

The two basic tasks of the generalized nonsymmetric eigenvalue functions are to compute, for a given pair
(4, B), all n values of X and, if desired, their associated right eigenvectors v and/or left eigenvectors u, and
the generalized Schur factorization.

These two basic tasks can be performed in the following stages.

1. The matrix pair (4,B) is reduced to generalized upper Hessenberg form (H,R), where H is upper
Hessenberg (zero below the first subdiagonal) and R is upper triangular. The reduction may be written

as A = QlHZlT,B = QlRZlT in the real case with O, and Z; orthogonal, and 4 = QIHZII{,B = QIRZ{I
in the complex case with O, and Z; unitary.

2. The generalized upper Hessenberg form (H, R) is reduced to the generalized Schur form (S, T') using
the generalized Schur factorization H = QzSZzT, R=0,T 7, in the real case with 0, and Z,

orthogonal, and H = QZSZg,R =0,T 7 in the complex case. The generalized Schur vectors of
(4, B) are given by Q = 0,0,, Z = Z,Z,. The eigenvalues are obtained from the diagonal elements
(or blocks) of the pair (S, T).

3. Given the eigenvalues, the eigenvectors of the pair (S,7) can be computed, and optionally
transformed to those of (H,R) or (4, B).

The accuracy with which eigenvalues can be obtained can often be improved by balancing a matrix pair.
This is discussed further in Section 2.14.8 below.

2.13 The Sylvester Equation and the Generalized Sylvester Equation
The Sylvester equation is a matrix equation of the form
AX +XB = C,

where 4, B, and C are given matrices with 4 being m by m, B an n by n matrix and C, and the solution
matrix X, m by n matrices. The solution of a special case of this equation occurs in the computation of the
condition number for an invariant subspace, but a combination of functions in this chapter allows the
solution of the general Sylvester equation.
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Functions are also provided for solving a special case of the generalized Sylvester equations
AR—LB=C, DR—-LE=F,

where (4,D), (B,E) and (C,F) are given matrix pairs, and R and L are the solution matrices.

2.14 Error and Perturbation Bounds and Condition Numbers

In this section we discuss the effects of rounding errors in the solution process and the effects of
uncertainties in the data, on the solution to the problem. A number of the functions in this chapter return
information, such as condition numbers, that allow these effects to be assessed. First we discuss some
notation used in the error bounds of later sections.

The bounds usually contain the factor p(n) (or p(m, n)), which grows as a function of the matrix dimension
n (or matrix dimensions m and #). It measures how errors can grow as a function of the matrix dimension,
and represents a potentially different function for each problem. In practice, it usually grows just linearly;
p(n) < 10mn is often true, although generally only much weaker bounds can be actually proved. We
normally describe p(n) as a ‘modestly growing’ function of n. For detailed derivations of various p(n), see
Golub and Van Loan 1996 and Wilkinson 1965.

For linear equation (see Chapter F07) and least-squares solvers, we consider bounds on the relative error
|x —X||/||x|| in the computed solution X, where x is the true solution. For eigenvalue problems we
consider bounds on the error |)\,» — 5\,~| in the ith computed eigenvalue ), where ), is the true ith
eigenvalue. For singular value problems we similarly consider bounds |o; — ;.

Bounding the error in computed eigenvectors and singular vectors ¥; is more subtle because these vectors
are not unique: even though we restrict |||, = 1 and ||v;||, = 1, we may still multiply them by arbitrary
constants of absolute value 1. So to avoid ambiguity we bound the angular difference between v; and the
true vector v;, so that

O(v;,v;) = acute angle between v; and v 2)
= arccos‘v?f/,»|.

Here arccos(f) is in the standard range: 0 < arccos(f) < m. When 6(v;,V;) is small, we can choose a
constant o with absolute value 1 so that ||av; — V||, =~ 0(v;, V;).

In addition to bounds for individual eigenvectors, bounds can be obtained for the spaces spanned by
collections of eigenvectors. These may be much more accurately determined than the individual
eigenvectors which span them. These spaces are called invariant subspaces in the case of eigenvectors,
because if v is any vector in the space, Av is also in the space, where A4 is the matrix. Again, we will use

angle to measure the difference between a computed space S and the true space S:

Q(S, S‘) = acute angle between S and S
= maxminf(s,3) or max min 6(s, §) (3)
SES  5e8 ses s€S
570 5240 540 70

H(S, S’) may be computed as follows. Let S be a matrix whose columns are orthonormal and span.S.
Similarly let S be an orthonormal matrix with columns spanning S. Then

H(S, S’) = arccos Oy (SHS’)

Finally, we remark on the accuracy of the bounds when they are large. Relative errors like ||X — x||/||x||
and angular errors like 6(¥;,v;) are only of interest when they are much less than 1. Some stated bounds
are not strictly true when they are close to 1, but rigorous bounds are much more complicated and supply
little extra information in the interesting case of small errors. These bounds are indicated by using the
symbol <, or ‘approximately less than’, instead of the usual <. Thus, when these bounds are close to 1
or greater, they indicate that the computed answer may have no significant digits at all, but do not
otherwise bound the error.

A number of functions in this chapter return error estimates and/or condition number estimates directly. In
other cases Anderson et al. 1999 gives code fragments to illustrate the computation of these estimates, and
a number of the Chapter f08 example programs, for the driver functions, implement these code fragments.
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2.14.1 Least-squares problems

The conventional error analysis of linear least-squares problems goes as follows. The problem is to find
the x minimizing ||Ax — b||,. Let x be the solution computed using one of the methods described above.
We discuss the most common case, where 4 is overdetermined (i.e., has more rows than columns) and has
full rank.

Then the computed solution x has a small normwise backward error. In other words X minimizes
|4+ E)i — (b + /), where
1E]] |V|z>
max AT AT Sp(”)e
<|A||2 121l

and p(n) is a modestly growing function of n and e is the machine precision. Let
Ky(A) = Opax (A)/Omin (4), p = ||[Ax — b]|,, and sin(0) = p/||b||,. Then if p(n)e is small enough, the
error X — x is bounded by

If 4 is rank-deficient, the problem can be regularized by treating all singular values less than a user-
specified threshold as exactly zero. See Golub and Van Loan 1996 for error bounds in this case, as well as
for the underdetermined case.

The solution of the overdetermined, full-rank problem may also be characterized as the solution of the

linear system of equations
1 4 ry (b
A" 0 J\x) " \o)

By solving this linear system (see Chapter FO7) component-wise error bounds can also be obtained
Arioli et al. 1989.

2.14.2 The singular value decomposition

The usual error analysis of the SVD algorithm is as follows (see Golub and Van Loan 1996).

The computed SVD, Usvr, is nearly the exact SVD of 4 + E, i.e., A+ FE = (U + 6U)£'(I7 + 617) is the
true SVD, so that U +6U and 7 +6F are both orthogonal, where |E||,/||4]l, < p(m,n)e,
||(5UH < p(m,n)e, and }617 < p(m,n)e. Here p(m,n) is a modestly growing function of m and »n and

€ is the machine precision. Each computed singular value &; differs from the true o; by an amount
satisfying the bound

|6; — 03| < p(m,n)ea.

Thus large singular values (those near ;) are computed to high relative accuracy and small ones may not
be.

The angular difference between the computed left singular vector i; and the true u; satisfies the
approximate bound

9(]2 ”) < p(m’n)GHAHZ
DY) ~ gapl

where

gap; = I};iln|0i - Uj|

is the absolute gap between o; and the nearest other singular value. Thus, if o; is close to other singular
values, its corresponding singular vector #; may be inaccurate. The same bound applies to the computed
right singular vector ¥; and the true vector v;, The gaps may be easily obtained from the computed singular
values.

Let S be the space spanned by a collection of computed left singular vectors {u;,i € I}, where I is a
subset of the integers from 1 to n. Let § be the corresponding true space. Then
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Q(S, S) ip(’%”)enAHZI
gapy
where

gap,:min{{ai—aﬂ foriel,j¢l}

is the absolute gap between the singular values in I and the nearest other singular value. Thus, a cluster of

close singular values which is far away from any other singular value may have a well determined space S
even if its individual singular vectors are ill-conditioned. The same bound applies to a set of right singular
vectors {v;,i € I'}.

In the special case of bidiagonal matrices, the singular values and singular vectors may be computed much
more accurately (see Demmel and Kahan 1990). A bidiagonal matrix B has nonzero entries only on the
main diagonal and the diagonal immediately above it (or immediately below it). Reduction of a dense
matrix to bidiagonal form B can introduce additional errors, so the following bounds for the bidiagonal
case do not apply to the dense case.

Using the functions in this chapter, each computed singular value of a bidiagonal matrix is accurate to
nearly full relative accuracy, no matter how tiny it is, so that

|6; — 0| < p(m,n)eo;.
The computed left singular vector #; has an angular error at most about

i < P
)~ relgapl

where

relgap, = Ijn#iln|ai - 0j|/(0i + o))

is the relative gap between o; and the nearest other singular value. The same bound applies to the right
singular vector ¥; and v;. Since the relative gap may be much larger than the absolute gap, this error bound
may be much smaller than the previous one. The relative gaps may be easily obtained from the computed
singular values.

2.14.3 The symmetric eigenproblem

The usual error analysis of the symmetric eigenproblem is as follows (see Parlett 1998).

The computed eigendecomposition ZAZ" s nearly the exact eigendecomposition of A+ E, i.e.,
A+E= (Z—I—éZ)/l(Z—l—(SZ)T is the true eigendecomposition so that Z+6Z is orthogonal, where
E|l,/|4]l, < p(n)e and HéZHz < p(n)e and p(n) is a modestly growing function of n and € is the

machine precision. Each computed eigenvalue ), differs from the true \; by an amount satisfying the
bound

’5\1' - /\i| < pm)ell4],.
Thus large eigenvalues (those near max|\;| = ||4||,) are computed to high relative accuracy and small ones
1
may not be.

The angular difference between the computed unit eigenvector z; and the true z; satisfies the approximate
bound

9(2 Z<) < P(”)enA”z
1) ~ gapl

if p(n)e is small enough, where

— min|)\ — \.
gap; = min|A; — |

is the absolute gap between \; and the nearest other eigenvalue. Thus, if ), is close to other eigenvalues,
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its corresponding eigenvector z; may be inaccurate. The gaps may be easily obtained from the computed
eigenvalues.

Let S be the invariant subspace spanned by a collection of eigenvectors {z;,i € I'}, where I is a subset of
the integers from 1 to n. Let S be the corresponding true subspace. Then

9(3. S) <p(l’l)€||AH2
T gapy

where
gap; = min{|\; — ) foriel,j¢l}

is the absolute gap between the eigenvalues in I and the nearest other eigenvalue. Thus, a cluster of close

eigenvalues which is far away from any other eigenvalue may have a well determined invariant subspace S
even if its individual eigenvectors are ill-conditioned.

In the special case of a real symmetric tridiagonal matrix 7, functions in this chapter can compute the
eigenvalues and eigenvectors much more accurately. See Anderson et al. 1999 for further details.

2.14.4 The generalized symmetric-definite eigenproblem

The three types of problem to be considered are A — AB, AB — A\l and BA — A\l. In each case 4 and B are
real symmetric (or complex Hermitian) and B is positive-definite. We consider each case in turn, assuming
that functions in this chapter are used to transform the generalized problem to the standard symmetric
problem, followed by the solution of the symmetric problem. In all cases

ap;, = min|\; — A
gap; = min|A; — |
is the absolute gap between )\; and the nearest other eigenvalue.
1. A—XB. The computed eigenvalues \; can differ from the true eigenvalues ); by an amount
3 -1
P‘i - /\i| 519(”)6”3 H2||A||2
The angular difference between the computed eigenvector z; and the true eigenvector z; is

p(n)el[B7"||, |41l (k2 (B))'/
gap; '

9(21'721') N

2. AB— M or BA— M. The computed eigenvalues ;\i can differ from the true eigenvalues \; by an
amount

|>‘i - >\i| < p(n)el| B[ 4]],-
The angular difference between the computed eigenvector z; and the true eigenvector z; is

o5, 5 < SOIBLIA(2(8)'
e gap;

These error bounds are large when B is ill-conditioned with respect to inversion (k,(B) is large). It is
often the case that the eigenvalues and eigenvectors are much better conditioned than indicated here. One
way to get tighter bounds is effective when the diagonal entries of B differ widely in magnitude, as for
example with a graded matrix.

1. A—MXB. Let D=diag (bfll/ 2, e ,bn_nl/ 2) be a diagonal matrix. Then replace B by DBD and 4 by
DAD in the above bounds.

2. AB— M or BA— M. Let D = diag (bfll/ 2, e ,b;,,l/ 2) be a diagonal matrix. Then replace B by DBD
and 4 by D'4D™" in the above bounds.
Further details can be found in Anderson ef al. 1999.
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2.14.5 The nonsymmetric eigenproblem

The nonsymmetric eigenvalue problem is more complicated than the symmetric eigenvalue problem. In
this section, we just summarize the bounds. Further details can be found in Anderson et al. 1999.

We let ); be the ith computed eigenvalue and \; the ith true eigenvalue. Let ¥; be the corresponding
computed right eigenvector, and v; the true right eigenvector (so Av; = A;v;). If I is a subset of the integers

from 1 to n, we let )\; denote the average of the selected eigenvalues: A\; = <Z /\,~> / (Z 1>, and

iel iel
similarly for 5\1. We also let S; denote the subspace spanned by {v;,i € I'}; it is called a right invariant
subspace because if v is any vector in S; then Av is also in §;. S is the corresponding computed
subspace.

The algorithms for the nonsymmetric eigenproblem are normwise backward stable: they compute the exact
eigenvalues, eigenvectors and invariant subspaces of slightly perturbed matrices (4 + E)E, where
I|E|| < p(n)e||4]]. Some of the bounds are stated in terms of ||E||, and others in terms of ||E||»; one may
use p(n)e for either quantity.

Functions are provided so that, for each (5\,», ;) pair the two values s; and sep;, or for a selected subset I of
eigenvalues the values s; and sep; can be obtained, for which the error bounds in Table 2 are true for
sufficiently small ||E||, (which is why they are called asymptotic):

Simple eigenvalue |§\i _ )\i| < NE|,/s:

Eigenvalue cluster |5\1 = MN| S E|,/sr

Eigenvector 9(@”191,) < Ell o/ sep;

Invariant subspace 0(S1,S1) < ||El| x/seps
Table 2

Asymptotic error bounds for the nonsymmetric eigenproblem

If the problem is ill-conditioned, the asymptotic bounds may only hold for extremely small ||E||. The
global error bounds of Table 3 are guaranteed to hold for all ||E||, <s x sep/4:

Simple eigenvalue }5\1 — )\l.| < n|E||,/s; Holds for all £

Eigenvalue cluster }5\1 — )\1| < 2||E|ly/s1 Requires ||E||» < s; x sepr/4
Eigenvector 9(1%, 19,) < arctan(2||E|| o/ (sep; — 4||E|| p/s:)) Requires [|E||p <'s; X sep;/4
Invariant subspace G(SIaSI) < arCtan(ZHEHF/(S@PI _ 4||E||F/SI)) Requires ||E||» < s; X sepy/4

Table 3
Global error bounds for the nonsymmetric eigenproblem

2.14.6 Balancing and condition for the nonsymmetric eigenproblem

There are two preprocessing steps one may perform on a matrix 4 in order to make its eigenproblem
easier. The first is permutation, or reordering the rows and columns to make 4 more nearly upper

triangular (closer to Schur form): 4’ = PAPY, where P is a permutation matrix. If 4" is permutable to
upper triangular form (or close to it), then no floating-point operations (or very few) are needed to reduce it
to Schur form. The second is scaling by a diagonal matrix D to make the rows and columns of 4" more
nearly equal in norm: 4” = DA'D™'. Scaling can make the matrix norm smaller with respect to the
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eigenvalues, and so possibly reduce the inaccuracy contributed by roundoff (see Chapter, 1I/11 of
Wilkinson and Reinsch 1971). We refer to these two operations as balancing.

Permuting has no effect on the condition numbers or their interpretation as described previously. Scaling,
however, does change their interpretation and further details can be found in Anderson et al. 1999.

2.14.7 The generalized nonsymmetric eigenvalue problem

The algorithms for the generalized nonsymmetric eigenvalue problem are normwise backward stable: they
compute the exact eigenvalues (as the pairs (o, 3)), eigenvectors and deflating subspaces of slightly
perturbed pairs (4 + E, B + F), where

1B, F)llp < p(n)ell(4, B)| p-

Asymptotic and global error bounds can be obtained, which are generalizations of those given in Tables 2
and 3. See Section 4.11 of Anderson et al. 1999 for details. Functions are provided to compute estimates
of reciprocal conditions numbers for eigenvalues and eigenspaces.

2.14.8 Balancing the generalized eigenvalue problem

As with the standard nonsymmetric eigenvalue problem, there are two preprocessing steps one may
perform on a matrix pair (4, B) in order to make its eigenproblem easier; permutation and scaling, which
together are referred to as balancing, as indicated in the following two steps.

1. The balancing function first attempts to permute 4 and B to block upper triangular form by a
similarity transformation:

Fll F12 Fl3

PAPT = F = Fy Fo |,
F33
Gll G12 Gl3

PBPT = G = G22 G23 5
G33

where P is a permutation matrix, F';;, F33, G;; and Gs; are upper triangular. Then the diagonal
elements of the matrix (F;,Gy;) and (Gjs3, Hj3) are generalized eigenvalues of (4,B). The rest of
the generalized eigenvalues are given by the matrix pair (F,Gy). Subsequent operations to
compute the eigenvalues of (4,B) need only be applied to the matrix (F,;, Gy,); this can save a
significant amount of work if (F,,, Gy,) is smaller than the original matrix pair (4, B). If no suitable
permutation exists (as is often the case), then there is no gain in efficiency or accuracy.

2. The balancing function applies a diagonal similarity transformation to (¥, G), to make the rows and
columns of (F,,,G,,) as close as possible in the norm:

I Fll F12 F13 I
DFD™' = Dy Fy Fy Dy |,
I Fi I
I Gll G12 Gl3 1
DGD ™' = Dy, Gy Gn Dy
I Gs3 I

This transformation usually improves the accuracy of computed generalized eigenvalues and
eigenvectors. However, there are exceptional occasions when this transformation increases the norm
of the pencil; in this case accuracy could be lower with diagonal balancing.

See Anderson et al. 1999 for further details.

2.14.9 Other problems

Error bounds for other problems such as the generalized linear least-squares problem and generalized
singular value decomposition can be found in Anderson et al. 1999.
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2.15 Block Partitioned Algorithms

A number of the functions in this chapter use what is termed a block partitioned algorithm. This means
that at each major step of the algorithm a block of rows or columns is updated, and much of the
computation is performed by matrix-matrix operations on these blocks. The matrix-matrix operations are
performed by calls to the Level 3 BLAS, which are the key to achieving high performance on many
modern computers. In the case of the QR algorithm for reducing an upper Hessenberg matrix to Schur
form, a multishift strategy is used in order to improve performance. See Golub and Van Loan 1996 or
Anderson et al. 1999 for more about block partitioned algorithms and the multishift strategy.

The performance of a block partitioned algorithm varies to some extent with the block size — that is, the
number of rows or columns per block. This is a machine-dependent parameter, which is set to a suitable
value when the library is implemented on each range of machines. You do not normally need to be aware
of what value is being used. Different block sizes may be used for different functions. Values in the range
16 to 64 are typical.

On more conventional machines there is often no advantage from using a block partitioned algorithm, and
then the functions use an unblocked algorithm (effectively a block size of 1), relying solely on calls to the
Level 2 BLAS.

3 Recommendations on Choice and Use of Available Functions

3.1 Available Functions

The tables in the following sub-sections show the functions which are provided for performing different
computations on different types of matrices. Each entry in the table gives the NAG function name and the
LAPACK double precision name .

Black box (or driver) functions are provided for the solution of most problems. In a number of cases there
are simple drivers, which just return the solution to the problem, as well as expert drivers, which return
additional information, such as condition number estimates, and may offer additional facilities such as
balancing. The following sub-sections give tables for the driver functions.

3.1.1 Driver functions

3.1.1.1 Linear least-squares problems (LLS)

Operation real complex
solve LLS using QR or LQ factorization fO8aa fO8an
solve LLS using complete orthogonal factorization | f08ba fO8bn
solve LLS using SVD fO8ka fO8kn
solve LLS using divide-and-conquer SVD fO8ke fO8kq

3.1.1.2 Generalized linear least-squares problems (LSE and GLM)

Operation real complex
solve LSE problem using GRQ f08za f08zn
solve GLM problem using GQR f08zb f08zp

3.1.1.3 Symmetric eigenvalue problems (SEP)

Function and storage scheme real complex

simple driver fo8fa fO8fc fO8fb f08fd | fO8fn f08fq f08fp fO8fr
divide-and-conquer driver
expert driver

RRR driver
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packed storage

simple driver f08ga fO8gn
divide-and-conquer driver f08gc f08¢gq
expert driver f08¢gb fO8gp
band matrix

simple driver f08ha fO8hn
divide-and-conquer driver fO8hc fO8hq
expert driver fO8hb fO8hp
tridiagonal matrix

simple driver f08ja

divide-and-conquer driver f08jc

expert driver f08jb

RRP driver f08;d

3.1.1.4 Nonsymmetric eigenvalue problem (NEP)

Function and storage scheme real complex
simple driver for Schur factorization fO8pa fO8pn
expert driver for Schur factorization f08pb f08pp
simple driver for eigenvalues/vectors f08na fO8nn
expert driver for eigenvalues/vectors fO8nb fO8np

3.1.1.5 Singular value decomposition (SVD)

Function and storage scheme real complex
simple driver fO8kb fO8kp
divide-and-conquer driver fO8kd fO8kr

3.1.1.6 Generalized symmetric definite eigenvalue problems (GSEP)

Function and storage scheme real complex
simple driver f08sa fO8sn
divide-and-conquer driver f08sc f08sq
expert driver f08sb fO8sp
packed storage
simple driver f08ta f08tn
divide-and-conquer driver f08tc f08tq
expert driver f08tb fO8tp
band matrix
simple driver fO8ua fO8un
divide-and-conquer driver f08uc f08uq
expert driver fO8ub fO8up
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3.1.1.7 Generalized nonsymmetric eigenvalue problem (GNEP)

Function and storage scheme real complex
simple driver for Schur factorization fO8xa fO8xn
expert driver for Schur factorization fO8xb fO8xp
simple driver for eigenvalues/vectors f08wa fO8wn
expert driver for eigenvalues/vectors f08wb f08wp
3.1.1.8 Generalized singular value decomposition (GSVD)
Function and storage scheme real complex
singular values/vectors fO8va f08vn

3.1.2 Computational functions

It is possible to solve problems by calling two or more functions in sequence. Some common sequences
of functions are indicated in the tables in the following sub-sections; an asterisk (%) against a function
name means that the sequence of calls is illustrated in the example program for that function.

It should be noted that all the LAPACK computational functions from Release 3 are included in the NAG
Fortran Library and can be called by their LAPACK name®*, although not all of these functions are
currently documented in Chapters FO7 and f08.

3.1.2.1 Orthogonal factorizations

Functions are provided for QR factorization (with and without column pivoting), and for LQ, QL and RQ
factorizations (without pivoting only), of a general real or complex rectangular matrix. A function is also
provided for the RQ factorization of a real or complex upper trapezoidal matrix. (LAPACK refers to this
as the RZ factorization.)

The factorization functions do not form the matrix Q explicitly, but represent it as a product of elementary
reflectors (see Section 3.2.6). Additional functions are provided to generate all or part of O explicitly if it
is required, or to apply Q in its factored form to another matrix (specifically to compute one of the matrix

products OC, O'C, CO or CO" with Q' replaced by O" if C and Q are complex).

Factorize Factorize with Generate Apply matrix Q

without pivoting Matrix O

pivoting
OR factorization, real matrices f08ae fO8bf fo8af f08ag
LQ factorization, real matrices f08ah f08aj f08ak
QL factorization, real matrices fO8ce f08cf f08cg
RQ factorization, real matrices f08ch f08¢j f08ck
RO factorization, real upper trapezoidal matrices fO8bh fO8bk
OR factorization, complex matrices f08as fO8bt f08at f08au
LQ factorization, complex matrices f08av f08aw f08ax
QL factorization, complex matrices f08cs fO8ct f08cu
RQ factorization, complex matrices fO8cv fO8cw f08cx
RQ factorization, complex upper trapezoidal matrices | fO8bv fO8bx

To solve linear least-squares problems, as described in Sections 2.2.1 or 2.2.3, functions based on the OR
factorization can be used:

real data, full-rank problem

complex data, full-rank problem

real data, rank-deficient problem
complex data, rank-deficient problem

f08aex, f08ag
f08as*, £08au
£08bex, f08ag
f08bs*, £08au
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To find the minimum norm solution of under-determined systems of linear equations, as described in
Section 2.2.2, functions based on the LQ factorization can be used:

real data, full-rank problem
complex data, full-rank problem

f08ahx*, f08ak
f08av*, £08ax

3.1.2.2 Generalized orthogonal factorizations

Functions are provided for the generalized QR and RQ factorizations of real and complex matrix pairs.

Factorize
Generalized QR factorization, real matrices f08ze
Generalized RQ factorization, real matrices f08zf
Generalized QR factorization, complex matrices | f08zs
Generalized RQ factorization, complex matrices | f08zt

3.1.2.3 Singular value problems

Functions are provided to reduce a general real or complex rectangular matrix 4 to real bidiagonal form B

by an orthogonal transformation 4 = QOBP" (or by a unitary transformation 4 = OBP" if 4 is complex).
Different functions allow a full matrix 4 to be stored conventionally (see Section 3.2.1), or a band matrix
to use band storage (see Section 3.2.3).

The functions for reducing full matrices do not form the matrix Q or P explicitly; additional functions are
provided to generate all or part of them, or to apply them to another matrix, as with the functions for
orthogonal factorizations. Explicit generation of Q or P is required before using the bidiagonal QR
algorithm to compute left or right singular vectors of A.

The functions for reducing band matrices have options to generate Q or P if required.

Further functions are provided to compute all or part of the singular value decomposition of a real
bidiagonal matrix; the same functions can be used to compute the singular value decomposition of a real or
complex matrix that has been reduced to bidiagonal form.

Reduce to Generate Apply Reduce band SVD of SVD of
bidiagonal matrix Q matrix Q0 matrix to bidiagonal bidiagonal
form or PT or P bidiagonal form (OR form (divide
form algorithm) and conquer)
real matrices fO8ke fO8kf fO8kg f08le f08me f08md
complex matrices | fO8ks fO8kt fO8ku f08ls fO8ms

Given the singular values, fO8fl is provided to compute the reciprocal condition numbers for the left or
right singular vectors of a real or complex matrix.

To compute the singular values and vectors of a rectangular matrix, as described in Section 2.3, use the
following sequence of calls:

Rectangular matrix (standard storage)

real matrix, singular values and vectors
complex matrix, singular values and vectors

f08ke, fO8kf*, f08me
f08ks, f08kt*, £08ms

Rectangular matrix (banded)

f08le
f081s

real matrix, singular values and vectors
complex matrix, singular values and vectors

To use the singular value decomposition to solve a linear least-squares problem, as described in
Section 2.4, the following functions are required:
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real data f08ke, £08kg, f08kf, f08me
complex data f08ks, fO08ku, f08kt, £08ms

3.1.2.4 Generalized singular value decomposition

Functions are provided to compute the generalized SVD of a real or complex matrix pair (4, B) in upper
trapezoidal form. Functions are also provided to reduce a general real or complex matrix pair to the
required upper trapezoidal form.

Reduce to trapezoidal form Generalized SVD of trapezoidal form
real matrices fO8ve fO8ye
complex matrices | f08vs fO8ys

3.1.2.5 Symmetric eigenvalue problems

Functions are provided to reduce a real symmetric or complex Hermitian matrix 4 to real tridiagonal form
T by an orthogonal similarity transformation 4 = QT QT (or by a unitary transformation 4 = QT QH if 4 is
complex). Different functions allow a full matrix 4 to be stored conventionally (see Section 3.2.1) or in
packed storage (see Section 3.2.2); or a band matrix to use band storage (see Section 3.2.3).

The functions for reducing full matrices do not form the matrix Q explicitly; additional functions are
provided to generate O, or to apply it to another matrix, as with the functions for orthogonal factorizations.
Explicit generation of Q is required before using the QR algorithm to find all the eigenvectors of A4;
application of O to another matrix is required after eigenvectors of 7 have been found by inverse iteration,
in order to transform them to eigenvectors of 4.

The functions for reducing band matrices have an option to generate Q if required.

Reduce to Generate Apply matrix
tridiagonal matrix Q
form
real symmetric matrices fO8fe fO8ff f08fg
real symmetric matrices (packed storage) f08ge fO8gf f08gg
real symmetric band matrices fO8he
complex Hermitian matrices fO8fs fO8ft f08fu
complex Hermitian matrices (packed storage) | f08gs f08gt f08gu
complex Hermitian band matrices fO8hs

Given the eigenvalues, f08fl is provided to compute the reciprocal condition numbers for the eigenvectors
of a real symmetric or complex Hermitian matrix.

A variety of functions are provided to compute eigenvalues and eigenvectors of the real symmetric
tridiagonal matrix 7, some computing all eigenvalues and eigenvectors, some computing selected
eigenvalues and eigenvectors. The same functions can be used to compute eigenvalues and eigenvectors of
a real symmetric or complex Hermitian matrix which has been reduced to tridiagonal form.

Eigenvalues and eigenvectors of real symmetric tridiagonal matrices:
The original (non-reduced) matrix is Real or Complex Hermitian

all eigenvalues (root-free OR algorithm) £08jf
all eigenvalues (root-free QR algorithm called by divide-and-conquer)  £08jc or £08jh
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all eigenvalues (RRR)
selected eigenvalues (bisection)

The original (non-reduced) matrix is Real

all eigenvalues and eigenvectors (QR algorithm)

all eigenvalues and eigenvectors (divide-and-conquer)
all eigenvalues and eigenvectors (RRR)

all eigenvalues and eigenvectors (positive-definite case)
selected eigenvectors (inverse iteration)

The original (non-reduced) matrix is Complex Hermitian

all eigenvalues and eigenvectors (OR algorithm)

all eigenvalues and eigenvectors (divide and conquer)
all eigenvalues and eigenvectors (RRR)

all eigenvalues and eigenvectors (positive-definite case)
selected eigenvectors (inverse iteration)

Introduction — f08

£0831
£085 ]

f08je
£08jc or £08jh
£08j1
£08jg
£08jk

£08js
£08jv
£08jy
f08ju
£08jx

The following sequences of calls may be used to compute various combinations of eigenvalues and

eigenvectors, as described in Section 2.7.
Sequences for computing eigenvalues and eigenvectors
Real Symmetric matvix (standard storage)

all eigenvalues and eigenvectors (using divide-and-conquer)

all eigenvalues and eigenvectors (using QR algorithm)

all eigenvalues and eigenvectors (RRR)

selected eigenvalues and eigenvectors (bisection and inverse iteration)

Real Symmetric matrix (packed storage)

all eigenvalues and eigenvectors (using divide-and-conquer)

all eigenvalues and eigenvectors (using QR algorithm)

all eigenvalues and eigenvectors (RRR)

selected eigenvalues and eigenvectors (bisection and inverse iteration)

Real Symmetric banded matrix

all eigenvalues and eigenvectors (using divide-and-conquer)
all eigenvalues and eigenvectors (using QR algorithm)

Complex Hermitian matrix (standard storage)

all eigenvalues and eigenvectors (using divide-and-conquer)

all eigenvalues and eigenvectors (using QR algorithm)

all eigenvalues and eigenvectors (RRR)

selected eigenvalues and eigenvectors (bisection and inverse iteration)

Complex Hermitian matrix (packed storage)

all eigenvalues and eigenvectors (using divide-and-conquer)

all eigenvalues and eigenvectors (using QR algorithm)

all eigenvalues and eigenvectors (RRR)

selected eigenvalues and eigenvectors (bisection and inverse iteration)

Complex Hermitian banded matrix

all eigenvalues and eigenvectors (using divide-and-conquer)
all eigenvalues and eigenvectors (using QR algorithm)
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f08fc
f08fe, f08ff*, £08je
f08fe, £08j1, f08fg
f08fe, £08jj, £08jk,
f08fg*

£08gc
f08ge, f08gf*, f08je
f08ge, £08j1, f08gg
£08ge, £08jj, £08jk,
f08gg*

f08hc
f08hex*, f08je

£08£q
£08fs, f08ft*, £08js
£08fs, £08jy, f08fu
£08fs, £08jj, £08jx,
£08fu*

£08gq
f08gs, f08gt*, f08js

f08gs, £08jy and f08gu

£08gs, £08jj, f08jx,
£08gux*

£08hq
£08hs*, f08js
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3.1.2.6 Generalized symmetric-definite eigenvalue problems

Functions are provided for reducing each of the problems Ax = ABx, ABx = Ax or BAx = Ax to an
equivalent standard eigenvalue problem Cy = \y. Different functions allow the matrices to be stored either
conventionally or in packed storage. The positive-definite matrix B must first be factorized using a
function from Chapter FO7. There is also a function which reduces the problem Ax = ABx where 4 and B
are banded, to an equivalent banded standard eigenvalue problem; this uses a split Cholesky factorization
for which a function in Chapter f08 is provided.

Reduce to standard | Reduce to standard | Reduce to standard
problem problem (packed problem (band
storage) matrices)
real symmetric matrices f08se f08te fO8ue
complex Hermitian matrices | f08ss fO8ts fO8us

The equivalent standard problem can then be solved using the functions discussed in Section 3.1.2.5. For
example, to compute all the eigenvalues, the following functions must be called:

real symmetric-definite problem f07fd, £f08sex, f08fe,
£08jf

real symmetric-definite problem, packed storage £07gd, f08tex*, £08ge,
£08jf

real symmetric-definite banded problem f08uf*, fO8uex, fO8he,
£083f

complex Hermitian-definite problem f07fr, £08ss*, f08fs,
£08jf

complex Hermitian-definite problem, packed storage f07gr, £08ts*, £08gs,
£08jf

complex Hermitian-definite banded problem fO8ut*, fO8us*, f0O8hs,
£08jf

If eigenvectors are computed, the eigenvectors of the equivalent standard problem must be transformed
back to those of the original generalized problem, as indicated in Section 2.8; functions from Chapter FO6
may be used for this.

3.1.2.7 Nonsymmetric eigenvalue problems

Functions are provided to reduce a general real or complex matrix 4 to upper Hessenberg form H by an
orthogonal similarity transformation 4 = QH QT (or by a unitary transformation 4 = QH QH if 4 1is
complex).

These functions do not form the matrix Q explicitly; additional functions are provided to generate Q, or to
apply it to another matrix, as with the functions for orthogonal factorizations. Explicit generation of Q is
required before using the OR algorithm on H to compute the Schur vectors; application of Q to another
matrix is needed after eigenvectors of H have been computed by inverse iteration, in order to transform
them to eigenvectors of A.

Functions are also provided to balance the matrix before reducing it to Hessenberg form, as described in
Section 2.14.6. Companion functions are required to transform Schur vectors or eigenvectors of the
balanced matrix to those of the original matrix.

Reduce to Generate Apply matrix | Balance Back-
Hessenberg matrix Q (0] transform
form vectors after
balancing
real matrices fO8ne fO8nf fO8ng fO8nh fO8nj
complex matrices | f08ns fO8nt f08nu fO8nv fO8nw
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Functions are provided to compute the eigenvalues and all or part of the Schur factorization of an upper
Hessenberg matrix. Eigenvectors may be computed either from the upper Hessenberg form by inverse
iteration, or from the Schur form by back-substitution; these approaches are equally satisfactory for
computing individual eigenvectors, but the latter may provide a more accurate basis for a subspace
spanned by several eigenvectors.

Additional functions estimate the sensitivities of computed eigenvalues and eigenvectors, as discussed in
Section 2.14.5.

Eigenvalues and | Eigenvectors Eigenvectors Sensitivities of
Schur from Hessenberg | from Schur eigenvalues and
factorization (QR | form (inverse factorization eigenvectors
algorithm) iteration)

real matrices fO8pe fO8pk f08qk f08ql

complex matrices | f08ps fO8px f08qx f08qy

Finally functions are provided for reordering the Schur factorization, so that eigenvalues appear in any
desired order on the diagonal of the Schur form. The functions f08qf and f08qt simply swap two diagonal
elements or blocks, and may need to be called repeatedly to achieve a desired order. The functions f08qg
and f08qu perform the whole reordering process for the important special case where a specified cluster of
eigenvalues is to appear at the top of the Schur form; if the Schur vectors are reordered at the same time,
they yield an orthonormal basis for the invariant subspace corresponding to the specified cluster of
eigenvalues. These functions can also compute the sensitivities of the cluster of eigenvalues and the
invariant subspace.

Reorder Schur factorization Reorder Schur factorization, find
basis for invariant subspace and
estimate sensitivities

real matrices fO8qf f08qg

complex matrices | f08qt f08qu

The following sequences of calls may be used to compute various combinations of eigenvalues, Schur
vectors and eigenvectors, as described in Section 2.11:

real matrix, all eigenvalues and Schur factorization £08ne, f08nf*, f08pe

real matrix, all eigenvalues and selected eigenvectors f08ne, f08pe, £08pk, f08ng

real matrix, all eigenvalues and eigenvectors (with balancing) £08nh*, f08ne, f08nf,
£08pe, £08pk, £08nj

complex matrix, all eigenvalues and Schur factorization f08ns, £08nt*, f08ps

complex matrix, all eigenvalues and selected eigenvectors f08ns, f08ps, f08px,
£08nux*

complex matrix, all eigenvalues and eigenvectors (with balancing) f08nv*, f08ns, f08nt,

f08ps, f08px, f08nw

3.1.2.8 Generalized nonsymmetric eigenvalue problems

Functions are provided to reduce a real or complex matrix pair (4;,R;), where 4, is general and R is
upper triangular, to generalized upper Hessenberg form by orthogonal transformations 4; = QIHZIT,
R, = QIRZlT, (or by unitary transformations A, = QlHZH, R= QIRIZIE, in the complex case). These
functions can optionally return Q, and/or Z,. Note that to transform a general matrix pair (4,B) to the
form (4;,R,) a OR factorization of B (B = OR,) should first be performed and the matrix 4, obtained as
A; = Q"4 (see Section 3.1.2.1 above).
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Functions are also provided to balance a general matrix pair before reducing it to generalized Hessenberg
form, as described in Section 2.14.8. Companion functions are provided to transform vectors of the
balanced pair to those of the original matrix pair.

Reduce to generalized Balance Backtransform vectors
Hessenberg form after balancing

real matrices fO8we fO8wh f08w;j

complex matrices | fO8ws fO8wv fO8ww

Functions are provided to compute the eigenvalues (as the pairs («, 3)) and all or part of the generalized
Schur factorization of a generalized upper Hessenberg matrix pair. Eigenvectors may be computed from
the generalized Schur form by back-substitution.

Additional functions estimate the sensitivities of computed eigenvalues and eigenvectors.

Eigenvalues and Eigenvectors from Sensitivities of
generalized Schur generalized Schur eigenvalues and
factorization (QZ factorization eigenvectors
algorithm)

real matrices fO8xe fO8yk fO8yl

complex matrices | f08xs fO8yx fO8yy

Finally, functions are provided for reordering the generalized Schur factorization so that eigenvalues appear
in any desired order on the diagonal of the generalized Schur form. f08yf and fO8yt simply swap two
diagonal elements or blocks, and may need to be called repeatedly to achieve a desired order. f08yg and
fO8yu perform the whole reordering process for the important special case where a specified cluster of
eigenvalues is to appear at the top of the generalized Schur form; if the Schur vectors are reordered at the
same time, they yield an orthonormal basis for the deflating subspace corresponding to the specified cluster
of eigenvalues. These functions can also compute the sensitivities of the cluster of eigenvalues and the
deflating subspace.

Reorder generalized Schur Reorder generalized Schur
factorization factorization, find basis for deflating
subspace and estimate sensitivites
real matrices fO8yf fO8yg
complex matrices | fO8yt fO8yu

The following sequences of calls may be used to compute various combinations of eigenvalues,
generalized Schur vectors and eigenvectors

real matrix pair, all eigenvalues (with balancing) f08wh, f08ae, f08ag,
fO8we, fO8xex*
f08ae, f08ag, f08af,
fO8we, fO8xe
f08wh, f08ae, f08ag,
f08af, f08we, £08xe,
£08yk+*, £08W]
f08wv, f08as, f08au,
fO8ws, fO8xsx*
complex matrix pair, all eigenvalues and generalized Schur factorization f08as, f08au, f08at,
f08ws, £08xs

real matrix pair, all eigenvalues and generalized Schur factorization

real matrix pair, all eigenvalues and eigenvectors (with balancing)

complex matrix pair, all eigenvalues (with balancing)
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complex matrix pair, all eigenvalues and eigenvectors (with balancing) f08wv, f08as, f08au,
f08at, f08ws, f08xs,
£08yx*, f08ww

3.1.2.9 The Sylvester equation and the generalized Sylvester equation

Functions are provided to solve the real or complex Sylvester equation AX + XB = C, where A and B are
upper quasi-triangular if real, or upper triangular if complex. To solve the general form of the Sylvester
equation in which 4 and B are general square matrices, 4 and B must be reduced to upper (quasi-)
triangular form by the Schur factorization, using functions described in Section 3.1.2.7. For more details,
see the documents for the functions listed below.

Solve the Sylvester equation

real matrices f08qh

complex matrices | f08qv

Functions are also provided to solve the real or complex generalized Sylvester equations
AR - LB =C, DR—-LE=F,
where the pairs (4,D) and (B,E) are in generalized Schur form. To solve the general form of the

generalized Sylvester equation in which (4, D) and (B, E) are general matrix pairs, (4, D) and (B, E) must
first be reduced to generalized Schur form.

Solve the generalized Sylvester equation

real matrices f08yh

complex matrices | fO8yv

3.2 Matrix Storage Schemes
In this chapter the following storage schemes are used for matrices:
— conventional storage in a two-dimensional array;
— packed storage for symmetric or Hermitian matrices;
— packed storage for orthogonal or unitary matrices;
— band storage for general, symmetric or Hermitian band matrices;
— storage of bidiagonal, symmetric or Hermitian tridiagonal matrices in two one-dimensional arrays.

These storage schemes are compatible with those used in Chapters FO6 and F07, but different schemes for
packed, band and tridiagonal storage are used in a few older functions in Chapters FO1, F02, FO3 and F04.

In the examples below, * indicates an array element which need not be set and is not referenced by the
functions. The examples illustrate only the relevant leading rows and columns of the arrays.

3.2.1 Conventional storage

The default scheme for storing matrices is the obvious one: a matrix 4 is stored in a two-dimensional array
a, with matrix element a; stored in array element a(i, ).

If a matrix is triangular (upper or lower, as specified by the argument uplo when present), only the
elements of the relevant triangle are stored; the remaining elements of the array need not be set. Such
elements are indicated by * in the examples below. For example, when n = 4:
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uplo Triangular matrix 4 Storage in array a
1 1
uplo ='U ayy ap a3z A aypy ap ap Ay
%
Ay dyz Ay Gy dzz Ay
%k
asz3  dsg aszz  dzy
* *
(27) Qa4
uplO = 'L’ ag an *
a; dx ap;  dap
az;  dzy 43z aszy dzy dz;
Aqp Qg 443 Ay g1 Qg d43 Q44

Similarly, if the matrix is upper Hessenberg, or if the matrix is quasi-upper triangular, elements below the
first subdiagonal need not be set.

Functions that handle symmetric or Hermitian matrices allow for either the upper or lower triangle of the
matrix (as specified by uplo) to be stored in the corresponding elements of the array; the remaining
elements of the array need not be set. For example, when n = 4:

uplo Hermitian matrix 4 Storage in array a
1 1
uplo ='U aj;; ap a3 daa a ap a3 dapg
aip Ay ax Ay ayy A3 Ay
5 5 *
a3 dpyzy dzz A3y azz  dzg
— — — k k
Alg dpyg 434 Quq aag
' = = 5 *
uplo ='L aypp dyr dz; da an
Ay Ay ayp dgp a  axp
a3 Ay Az dg az  azp  as
g1 Qg A3 Ay g1 Qqp Q43 Q4q

3.2.2 Packed storage

Symmetric and Hermitian matrices may be stored more compactly, if the relevant triangle (again as
specified by uplo) is packed by columns in a one-dimensional array. In Chapters FO7 and f08, arrays that
hold matrices in packed storage, have argument names ending in ‘P’. So:

if uplo ='U'", a; is stored in ap(i +;(j — 1)/2) for i <j;
if uplo ="'L', a; is stored in ap(i + (2n —j)(j —1)/2) for j <i.

For example:

uplo Triangle of matrix A Packed storage in array ap
1 1
uplo ='U aj;; ap aj;z A apy A4y 413023033 A14024034044
——— N————
dy a3 4y
asz  dzy
Qg4
1 A\l
uplo =L ap a11021a3104) A2203204 433043 Q44
—_—
a1 axp
dsz; dsp  ds3
aq) Qg A43 Ay

Note that for symmetric matrices, packing the upper triangle by columns is equivalent to packing the lower
triangle by rows; packing the lower triangle by columns is equivalent to packing the upper triangle by
rows. For Hermitian matrices, packing the upper triangle by columns is equivalent to packing the
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conjugate of the lower triangle by rows; packing the lower triangle by columns is equivalent to packing the
conjugate of the upper triangle by rows.

3.2.3 Band storage

A general m by n band matrix with k; subdiagonals and k, superdiagonals may be stored compactly in a
two-dimensional array with k; +k, + 1 rows and n columns. Columns of the matrix are stored in
corresponding columns of the array, and diagonals of the matrix are stored in rows of the array. This
storage scheme should be used in practice only if k;, k, < n, although functions in Chapters FO7 and f08
work correctly for all values of k; and k,. In Chapters FO7 and f08, arrays that hold matrices in band
storage have argument names ending in ‘B’. So:

a; is stored in ab(k, + 1 +i—j,j) for max(1,j —k,) <i < min(m,j + k).

For example, when m =6, n =35, k; =2 and k, = 1:

general band matrix 4 Band storage in array ab
an ap * a1z Q3 A3zq Qg
a1 4y a4y a4y 4zz Qg4 4ss
azy 4z azz  dzg a1 a3z Q43 Q54 Aes
Qgp Qg3 Q4  Ags a3 ap as3 ag *
ds3  dsq  dss
o4 Qe

A symmetric or Hermitian band matrix with £ subdiagonals and superdiagonals may be stored more
compactly in a two-dimensional array with £ + 1 rows and n columns. Only the upper or lower triangle
(as specified by uplo) need to be stored. So:

if uplo ="U', a; is stored in ab(k + 1 +i —j,j) for max(1,j — k) <i <

if uplo ='L', a; is stored in ab(1 +i —j,j) for j <i < min(n,j + k).

For example, when » =5 and k£ = 2:

uplo Hermitian band matrix 4 Band storage in array ab
L & * *
uplo ='U ay dp aps aiz x4 dzs
= *
dpp dypp dyz A aip  dzz  dzq  Q4s
aiz dyz Az dzq  Azs ay Ay Az A4 dss

Qrg 34 Qg  Qy4s
dszs Q45 dss

1 |l —_ —
uplo ='L app ax daz ayp Ay dzz Qg4 Ass
Vo p %k
dap; dpy 4z dAg ap) dzp Q43 dsy
~ = %k %k
aszy dzpy dzz Q43 ds3 azy dg  dsz

Qay Q43 Qag  Asg
as3  ds4  dss

3.2.4 Tridiagonal and bidiagonal matrices

A symmetric tridiagonal or bidiagonal matrix is stored in two one-dimensional arrays, one of length n
containing the diagonal elements, and one of length n — 1 containing the off-diagonal elements. (Older
functions in Chapter FO2 store the off-diagonal elements in elements 2 : n of a vector of length »n.)

3.2.5 Real diagonal elements of complex matrices

Complex Hermitian matrices have diagonal matrices that are by definition purely real. In addition, some
complex triangular matrices computed by FO8 functions are defined by the algorithm to have real diagonal
elements — in QR factorization, for example.
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If such matrices are supplied as input to FO8 functions, the imaginary parts of the diagonal elements are
not referenced, but are assumed to be zero. If such matrices are returned as output by FO8 functions, the
computed imaginary parts are explicitly set to zero.

3.2.6 Representation of orthogonal or unitary matrices

A real orthogonal or complex unitary matrix (usually denoted Q) is often represented in the NAG Library
as a product of elementary reflectors — also referred to as elementary Householder matrices (usually
denoted H;). For example,

Q= HyH,- - Hy.

You need not be aware of the details, because functions are provided to work with this representation,

either to generate all or part of Q explicitly, or to multiply a given matrix by Q or O (0" in the complex
case) without forming Q explicitly.

Nevertheless, the following further details may occasionally be useful.

An elementary reflector (or elementary Householder matrix) H of order n is a unitary matrix of the form
H=1—7mw" 4)

where 7 is a scalar, and v is an n element vector, with |7|*||v],> = 2 x Re(7); v is often referred to as the
Householder vector. Often v has several leading or trailing zero elements, but for the purpose of this
discussion assume that H has no such special structure.

There is some redundancy in the representation (4), which can be removed in various ways. The
representation used in Chapter f08 and in LAPACK (which differs from those used in some of the
functions in Chapters FO1, F02, FO4 and F06) sets v; = 1; hence v; need not be stored. In real arithmetic,
1 <7 <2, except that 7 = 0 implies H = 1.

In complex arithmetic, 7 may be complex, and satisfies | < Re(7) <2 and |7 — 1| < 1. Thus a complex
H is not Hermitian (as it is in other representations), but it is unitary, which is the important property. The
advantage of allowing 7 to be complex is that, given an arbitrary complex vector x, H can be computed so
that

H" = 3(1,0,...,0)"

with real 3. This is useful, for example, when reducing a complex Hermitian matrix to real symmetric
tridiagonal form, or a complex rectangular matrix to real bidiagonal form.

3.3 Parameter Conventions
3.3.1 Option parameters

Most functions in this chapter have one or more option parameters, of type string. The descriptions in
Section 5 of the function documents refer only to upper case values (for example uplo ='U' or
uplo ='L'"); however in every case, the corresponding lower case characters may be supplied (with the
same meaning). Any other value is illegal.

A longer character string can be passed as the actual parameter, making the calling program more readable,
but only the first character is significant. (This is a feature of Fortran 77.) For example:

[a, d, e, tau, info] = f08fe(’'Upper’, a);

3.3.2 Problem dimensions

It is permissible for the problem dimensions (for example, m or n) to be passed as zero, in which case the
computation (or part of it) is skipped. Negative dimensions are regarded as an error.
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4 Decision Trees

The following decision trees are principally for the computation (general purpose) functions.

Section 3.1.1.1 for tables of the driver (black box) functions.

4.1 General Purpose Functions (eigenvalues and eigenvectors)

Tree 1: Real Symmetric Eigenvalue Problems

Are eigenvalues only
required?

Are all the eigenvalues

yes

required?

idi ?
ves Is A tridiagonal?

no

no

‘HO

Is 4 band matrix?

oo

Is one triangle of 4
stored as a linear array?

‘no
| (f08fe f08jf) or fSfe |

Is A tridiagonal?

ﬁ{ f08jj

oo

Is A a band matrix?

= f08he f08]j |

‘HO

Is one triangle of A
stored as a linear array?

f08ge fOSjj |

yes

‘HO

f08fe fO8;j

Are all eigenvalues and

eigenvectors required?

yes

Is A tridiagonal?

f08je, f08jc, f08jh or

yes 081

no

Is A tridiagonal?

oo

Is one triangle of A4
stored as a linear array?

‘ no
f08fe f08jj 08k fO8fg |

[NP3663/21]

vesl

ye

‘HO

Is A a band matrix?

E{ (f08he fO8je) or f08he |

oo

Is one triangle of A
stored as a linear array?

(f08ge f08gf f08je) or

yes f08gc

‘IIO

(fo8fe fO8ff fO8je) or
fo8fc

f08jj 08jk

o 08ge U8} fOsjk f8gg |

Introduction — f08

See

el

fO8jf or f08jc

‘{

S (fO8he f08jf) or f08hc

—( (f08ge f08jf) or f08gc ‘
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Tree 2: Real Generalized Symmetric-definite Eigenvalue Problems

Are eigenvalues only Are all the eigenvalues Are A4 and B band 08uf f08ue f08he fO8IT ‘
required? yes |required? yes | matrices? yes )

B

Are 4 and B stored with
one triangle as a linear —{ f07gd fO8te f08ge fO8jf ‘
array? yes

[mo

| 07d fO8se fO8fe MOS)F |

no

Are A and B band

matrices? E‘ fO8uf f08ue f08he f08jj ‘

‘1‘10

Are A and B stored with

one triangle as a linear *{ f07gd f08te f08ge f08jj ‘
array? yes

[ro

f07fd f08se f08ge 108jj

no
Are all eigenvalues and Are A. and B storeq with f07gd fO8te f08ge fO8gf
. . one triangle as a linear : N
eigenvectors required? yes o yes f08je Missing ’id
array”?
no
f07fd f08se f08fe fO8ff
f08je Missing “id’
no
Are A and B band fO8uf f08ue fO8he f08jk
matrices? yes Missing ’id’
‘no
Are A. and B stored with f07gd f08tc f08ge fOSj]
one triangle as a linear . e
o yes | f08jk f08gg Missing 'id
array?

[ro

f07fd f08se f08fe f08jj
f08jk f08fg Missing "id’

Note: the functions for band matrices only handle the problem Ax = ABx; the other functions handle all
three types of problems (4x = ABx, ABx = Ax or BAx = Ax) except that, if the problem is BAx = A\x and
eigenvectors are required, Missing ’id” must be used instead of Missing ’id” instead of Missing ’id’.
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Tree 3: Real Nonsymmetric Eigenvalue Problems

Are eigenvalues required?

yes

Introduction — f08

no

Is the Schur factorization of 4
required?

yes

no

Are all eigenvectors required?

yes

no

Is A an upper Hessenberg matrix?

no

fO8nh f08ne fO8pe fO8pk f08ng
fO8nj

el

Tree 4: Real Generalized Nonsymmetric Eigenvalue Problems

Are eigenvalues only required?

yes

no

Is the generalized Schur
factorization of 4 and B required?

yes

Is A an upper Hessenberg matrix? ﬁ( f08pe
no
fO8nh fO8ne f08pe |
Is A an upper Hessenberg matrix? E{ f08pe
no
f08ne f08nf f08pe fO8nj ‘
Is A an upper Hessenberg matrix? ﬁ( f08pe f08qk
no
f08nh fO8ne f08nf f08pe f08qk
fO8nj
fO8pe f08pk
Are 4 and B in generalized upper
Hessenberg form? yes f08xe
no
f08wh f08ae f08ag f08we f08xe |
Are 4 and B in generalized upper
%‘ fO8xe

Hessenberg form?

no

no

f08ae f08ag Missing "id” Missing
‘id” f08af f08we fO8xe f08yk

Are A and B in generalized upper
Hessenberg form?

el

f08xe f08yk

no

f08wh f08ae f08ag Missing 'id’
Missing 'id” f08af f08we f08xe
fO8yk fO8wj
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Tree 5: Complex Hermitian Eigenvalue Problems

NAG Toolbox Manual

Are eigenvalues only
required?

Are all the eigenvalues

yes

required?

yes

Is 4 a band matrix?

ﬁ{ (fO8hs fO8jf) or 08hq |

no

no

B

Is one triangle of 4

stored as a linear array?

ﬁ{ (f08gs 108jf) or f08gq ‘

[ro

| (f08fs f08jf) or fO8fq |

Is A a band matrix?

el

f08hs OS;j

oo

Is one triangle of 4
stored as a linear array?

yes

f08gs f08jj

‘HO

f08fs fO8jj

Are all eigenvalues and
eigenvectors required?

yes

Is A a band matrix?

E‘ (f8hs f08;s) or f08hq |

no

Is one triangle of 4

stored as a linear array?

no
f08fs f08jj fO8jx fO8fu |

108.38

‘HO

Is one triangle of 4
stored as a linear array?

yes

‘HO

(f08gs f08gt f08js) or
08gq

(f08fs f08ft f08js) or
f08fq

ﬁ' f08gs f08jj f08jx f08gu

|
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Tree 6: Complex Generalized Hermitian-definite Eigenvalue Problems

Are eigenvalues only
required?

Are all eigenvalues

yes | required?

Are A and B stored with

yes

one triangle as a linear
array?

Introduction — f08

ﬁ{ f07gr fO8ts f08gs fO8jf

no

no

Are A and B stored with
one triangle as a linear
array?

no

f07fr f08ss f08gs f08jj |

Are all eigenvalues and
eigenvectors required?

Are A and B stored with

no

| f07fr f08ss fO8fs OS;F |

ﬁ f07gr f08ts f08gs fOSjj |

f07gr f08ts f08gs f08gt

one triangle as a linear
array?

w

ye

no

Are A and B stored with
one triangle as a linear
array?

no

fO7fr f08ss fO8fs fO&ft
f08js Missing ’id’

f07gr f08ts f08gs f08§jj

no

fO7fr f08ss fO8fs f08;jj
fO8jx f08fu Missing ’id’

yes [f08jx f08gu Missing "id’

yes

Missing ’id’

Tree 7: Complex non-Hermitian Eigenvalue Problems

[NP3663/21]

Are eigenvalues only required? ves Is A an upper Hessenberg matrix? ﬁ{ f08ps
no
f08nv f08ns fO8ps ‘
no
Is the Schur factorization of A4 .
0
required? ves Is A an upper Hessenberg matrix? E‘ f08ps
no
f08ns f08nt f08ps fO8nw ‘
no
Are all eigenvectors required? ves Is A an upper Hessenberg matrix? ﬁ( fO8ps f08qx
no
fO8nv fO8ns fO8nt fO8ps f08qx
f08nw
no
1x?
Is A an upper Hessenberg matrix? ﬁ f08ps f08px
no
fO8nv f08ns f08ps f08px f08nu
f08nw
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Tree 8: Complex Generalized non-Hermitian Eigenvalue Problems

Are A4 and B in generalized upper e 08xs

; ired?
Are eigenvalues only required? Hessenberg form?

w

ye

no

f0O8wv f08as f08au f08ws f08xs ’

no
Is the generalized Schur Are 4 and B in generalized upper 08xs
factorization of 4 and B required? | yes | Hessenberg form? yes

no

f08as f08au Missing ’id’ Missing
‘id” fO8at f08ws f08xs f08yx

no

Are A and B in generalized upper
Hessenberg form? yes f08xs f08yx

no

f08wv f08as f08au Missing ’id’

Missing 'id” fO8at fO8ws f08xs
fO8yx fO8ww

4.2 General Purpose Functions (singular value decomposition)

Tree 9
Is A a complex matrix? ves Is A banded? ﬁ( fO81s f08ms ‘
‘ no
Are singular values only required? E{ fO8ks fO8ms ‘
‘ no
| f08ks fO8kt f08ms |
no
Is A bidiagonal? ﬁ{ f08me ’
[ro
Is 4 banded? f08le f08me |
yes
| no
Are singular values only required? ves fO8ke f08me |
| no
| f08ke fO8Kf f08me |
5 Index
Backtransformation of eigenvectors from those of balanced forms:
o010 o) (o) 11 11 4 0. U SUPPPP £08nw
1670 1010] 15 1111 5 D QRSP RSS £08ww
1CE: B 1110 4 0 PP OPPPPP R £08nj
FCT:1 B 1114 . QUSRS PPRR f£08wj
Balancing:
COMPIEX ZENETAL MAMTX .eevieeeeiiiiiiiitieeeteeeeeeee ettt eeeeeeeeee e aaneeteeeeeeeeeessannnnneraaaeeeeessssnnnnnnnnnees £08nv
(o0 1010) (5 Qo115 1 B 1TV 4 - RS £08wv
T€A1 GENETAL TNALIIX ..uiiiiieeeeieeeieee e e e e eeeeeeeeeeeeee ettt e e eeassaessaaaaeseasaaseaeseeessennsnnnnnnnnns £08nh
1Al ZENETAl MALITX ..eevviiiiieeeiiiieeeeeiiiteeeeeeeeeeeeeeeetrteeeeeeeeeeseennnseaeeaaaaeeesassannssesaasaaaessssssannnnssnees f£08wh
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Eigenvalue problems for condensed forms of matrices:
complex Hermitian matrix:
eigenvalues and eigenvectors:
band matrix:
all eigenvalues and eigenvectors by a divide-and-conquer algorithm, using packed

] (0] 2T PO PPRPPRPRt £08hq
all eigenvalues and eigenvectors by root-free QR algorithm .........ccccoeeeeeeeiiiiniineenennn. f£08hn
all eigenvalues and eigenvectors by root-free QR algorithm or selected eigenvalues
and eigenvectors by bisection and inVerse iteration .............cccccccceeerrreeeeriiieeeeeeeeeennns £08hp
general matrix:
all eigenvalues and eigenvectors by a divide-and-conquer algorithm ............ccccceeeen.. f08fq
all eigenvalues and eigenvectors by a divide-and-conquer algorithm, using packed
(0] ¢ 1 TR PP PR TP PPPRRN £08gq
all eigenvalues and eigenvectors by root-free QR algorithm .........cccooveeeiiiiniiieiennnn. f08fn
all eigenvalues and eigenvectors by root-free QR algorithm or selected eigenvalues
and eigenvectors by bisection and INVerse iteration ................eeeeeeveeeemnenennnnnnnnnnnnaennns f08fp
all eigenvalues and eigenvectors by root-free QR algorithm or selected eigenvalues
and eigenvectors by bisection and inverse iteration, using packed storage ................. £08gp

all eigenvalues and eigenvectors by root-free QR algorithm, using packed storage .... £08gn
all eigenvalues and eigenvectors using Relatively Robust Representations or selected
eigenvalues and eigenvectors by bisection and inverse iteration ................ccccccceeeeennn. f08fr
eigenvalues only:
band matrix:

all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm .......... £08hn
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or
selected eigenvalues DY DISECHION ......cccccceeeeereeeiiieiieeiiiieeeeeeeeeeeeeeeeeeeeeeeeaa e e £08hp
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, using
PACKEA STOTAZE .eeiiiiieeiiieieeee ettt e e e e e e e e eetee e e e e e e e e e e nneeteeaeeeeeeeeeennnnnnnees f£08hq
general matrix:
all eigenvalues by the Pal-Walker—Kahan variant of the QL or OR algorithm .......... £08fn
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm .......... f08fq
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or
selected eigenvalues by DISECHION ....ccceeeeceiiiiiiiiieeeeieeeeeiiiee e e e e e e e e e e e e e e e e e f08fp
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or
selected eigenvalues by DISECTION ......cceeeeieeiiiiiiiieiiieeeeeieeeeee e et e e e e e e e e fo8fr
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or
selected eigenvalues by bisection, using packed StOTage .........ccoeeeveeevvieeeeeeeeeeninneennne £08gp
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, using
PACKEA STOTAZE .eeiiiiieiiiieieeee ettt e e e e e e e eeeee e e e e e e e e e e nneeeeaaaeeeeeeee e nnnnnnnees £08gn
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, using
PACKEA STOTAZE ittt ettt e ettt e e et e e e s e et e e e e e e e e e e annneeeas £08gq
complex upper Hessenberg matrix, reduced from complex general matrix:
eigenvalues and Schur factoriZation .........ccccccceiiiieiiieiieeeceiieeee e e e e e e eerrree e e e e e e e e eeeeeees f08ps
selected right and/or left eigenvectors by Inverse iteration ..............eeeeecececeeeeeeeeeeeeeeeeeennnnen £08px

real bidiagonal matrix:
singular value decomposition:

after reduction from complex general MAatriX ............ccoeveiiiiiiiiieieeiieeeeieeeeens £08ms
after reduction from real general MAtriX ...........oeeeeeiiiiiiiiiiiiieiiiee e £08me
after reduction from real general matrix, using divide-and-conquer .............ccccceeeereeennnss £08md

real symmetric matrix:
eigenvalues and eigenvectors:
band matrix:

all eigenvalues and eigenvectors by a divide-and-conquer algorithm .................cc..... £08hc
all eigenvalues and eigenvectors by root-free QR algorithm .........ccccceeeeeeiniiniiieeennnnn. f08ha
all eigenvalues and eigenvectors by root-free QR algorithm or selected eigenvalues

and eigenvectors by bisection and iNVerse teration ............cccccccceeeeeeeeeeeeeseiueeeeeeeeeenns £08hb
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general matrix:
all eigenvalues and eigenvectors by a divide-and-conquer algorithm .............ccceeee..
all eigenvalues and eigenvectors by a divide-and-conquer algorithm, using packed
R (0] ¢ 1 PRSPPI
all eigenvalues and eigenvectors by root-free QR algorithm .........ccccoeeeiiiiiniiiiiennnnn.
all eigenvalues and eigenvectors by root-free QR algorithm or selected eigenvalues
and eigenvectors by bisection and iNVerse teration .............ccccccceeeeeeeeeeeeeeeineveeeeeeeeens
all eigenvalues and eigenvectors by root-free QR algorithm or selected eigenvalues
and eigenvectors by bisection and inverse iteration, using packed storage .................
all eigenvalues and eigenvectors by root-free QR algorithm, using packed storage ....
all eigenvalues and eigenvectors using Relatively Robust Representations or selected
eigenvalues and eigenvectors by bisection and inverse iteration ..............ccccccceeeeeennn.
eigenvalues only:
band matrix:
all eigenvalues by the Pal-Walker—Kahan variant of the QL or OR algorithm ..........
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm ..........
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or
selected eigenvalues by DISECHION .....ceeeeeeuieiiiiiiieiiiieeeecitiee e e e e e e e e e e e e e e
general matrix:
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm ..........
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm ..........
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or
selected eigenvalues by DISECHION ...ccceeeeeeeiiiiiiiieeeiieeeeeeiieeeee e e e e e e eeereee e e e e e e e e e enees
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or
selected eigenvalues DY DISECHION .......cccccceeeeeeeeeieieiieeiiiieeeeeeeeeeeeeeeeeeeeeeeeeeeenneenneeeenes
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or
selected eigenvalues by bisection, using packed StOTAZEe .........ccceeeeeeeeeceiriieeeeeeeeeeeannns
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, using
PACKEA STOTAZE oeeeieiiiiiiieeee et ettt e e e e e e e ettt e eeeeeee e e e nnnereeaeaeeeeasenannnnnnnnees
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, using
PACKEA STOTAZE ..evvuiiiiiiiieeieieeeeeee e e e e eeeeeeeeeeeeeeeeeee e eeereeeaeeeennesnnnssnaasaeesaaaaasesaasaaaaeeens
real symmetric tridiagonal matrix:
eigenvalues and eigenvectors:
after reduction from complex Hermitian matrix:
all eigenvalues and EIZENVECIOTS .....ciiiiiiiireeiiiiiiiiiiieeeeeeeeeeeeirteeeeeeeeeeeeeeneneeeeeeeeeeas
all eigenvalues and eigenvectors, positive-definite matriX .........ccccceerveeeeeiiiieeeeeeeennnn.
all eigenvalues and eigenvectors, using divide-and-conquer .........cccccoeeeeevvineeeceeceennnn.
all eigenvalues and eigenvectors, using Relatively Robust Representations ................
selected eigenvectors by INVErse iteration ...........eeeeeeeeeeccevereeeeeeseereeeeeseereeeeeaeeseenennns
all eigenvalues and CIZENVECIOTS ....cceiiiiiiieeeeiiiiiiiieeeeeeeeeeeritreeeeeeeeeeeeeenereeeeeeeeessenannns
all eigenvalues and eigenvectors by a divide-and-conquer algorithm .............ccccccoeveenei.
all eigenvalues and eigenvectors by root-free QR algorithm ........ccccoooeeiiiiiiiiiiiiiinnnninns,
all eigenvalues and eigenvectors by root-free QR algorithm or selected eigenvalues and
eigenvectors by bisection and iNVErse teration .............ceceeeccerireeeeeeeereeesesiireeeeeeeesesaaanns
all eigenvalues and eigenvectors using Relatively Robust Representations or selected
eigenvalues and eigenvectors by bisection and inverse iteration ..............cccccccceeeeereeeenns
all eigenvalues and eigenvectors, by divide-and-conquer ..............oeeevveeeeeennnnnnnnnnnsereennn.
all eigenvalues and eigenvectors, positive-definite matriX .......cccccceevrieeeiiiiieeieeeeeennnnnennnns
all eigenvalues and eigenvectors, using Relatively Robust Representations .....................
selected eigenvectors by INVErSe IeratiON .......c.eeeeeeererereeerririrreieeeeeeeeeeeeennereeeeeeeesessannnns
eigenvalues only:
all eigenvalues by root-free QR algorithm ...............ccooiiiiiiiiiiiiiiiiii e
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm ...............
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm ...............
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or selected
€igenvalues DY DISECHION .iveeeeiieiiiiiiiieee ittt e e e e e ettt e e e e e e e e e e nneeeeeeeeeeesenennnns
all eigenvalues by the Pal-Walker—Kahan variant of the QL or QR algorithm, or selected
€1ZENVAlUES DY DISECHION ...eitiieiieiiieieiiiieeeeette e e e iee e e ettt e e e et ee e et ee e e e aneeee e e neeeeeenns
selected eigenvalues DY DISECHON ...iiiiiiiiieeeeeiiiiiiiieeeeeeeeeeeeiteeee e e e e e e e eeeeneeeeeeeeeeeeeeennnns
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real upper Hessenberg matrix, reduced from real general matrix:
eigenvalues and Schur factOriZation .........cccccceiiiiiiiiiiiieecrieeee e eeeeee e e e e e e e f£08pe
selected right and/or left eigenvectors by inverse iteration ..............eeeeeeecceeeeeeeeeerereeenunnenen £08pk
Eigenvalue problems for nonsymmetric matrices:
complex matrix:

all eigenvalues and left/right IZENVECIOTS .......ceiiiiiiiiiieeeiiiiiieeeee e e e eeeeeerree e e e e e e e e eeeeeees £08nn
all eigenvalues and left/right eigenvectors, plus balancing transformation and reciprocal
CONAILION NMUIMDETS ..eiiieiiiiiieeeiiiitiieeeeeeeeeeeeeetteeeeeeeeeeeeeannnerteaeaeeesasaaasnnnsareaaaaeeesssssannnnnnnees £08np
all eigenvalues, Schur form and Schur VECtOrS ..........cceeeeiiiiiiiiiiiiiiiiieee e £08pn
all eigenvalues, Schur form, Schur vectors and reciprocal condition numbers ..................... f£08pp
real matrix:
all eigenvalues and left/right IZENVECIOTS .......eeiiiiiiiiiiieeiiiiiieeee e e e e eeeeeereee e e e e e e e f08na
all eigenvalues and left/right eigenvectors, plus balancing transformation and reciprocal
CONAIION NUIMDEIS ...eeiiiiiiiiiieiiiitteeeeitteeeeeiteeee ettt e e e eateeeeeesaneeeeseeamreeeeesmreaeessanseeeessnnmrenens £08nb
all eigenvalues, real Schur form and Schur VECIOTS ......cccoovoiiiiiiiiiiiiiieieeeeee e, f08pa
all eigenvalues, real Schur form, Schur vectors and reciprocal condition numbers ............... £08pb
Eigenvalues and generalized Schur factorization,
complex generalized upper Hessenberg form ...........cooiviieeiiiiiiiiiiiiiiieeeeeeeee e f08xs
real generalized upper Hessenberg form ........cccccceiiiiiiiiiiiiiiieeeee ettt f08xe
General Gauss-Markov linear model:
solves a complex general Gauss-Markov linear model problem ...........ccccooviiiiiiiiiiiiiiiiiiiieeen. £08zp
solves a real general Gauss-Markov linear model problem ..........ccccceeeeeeeeciiiiiiiiieeeeeeeeecceeee, £08zb

Generalized eigenvalue problems for condensed forms of matrices:
complex Hermitian-definite eigenproblems:
banded matrices:

all eigenvalues and eigenvectors by a divide-and-conquer algorithm .............cccccceeeiieii. £08uq
all eigenvalues and eigenvectors by reduction to tridiagonal form ............ccccceveeeeeennnnnn, £08un
selected eigenvalues and eigenvectors by reduction to tridiagonal form .......................... f£08up
general matrices:
all eigenvalues and eigenvectors by a divide-and-conquer algorithm ............cccccceerreenee. £08sq
all eigenvalues and eigenvectors by a divide-and-conquer algorithm, packed storage
1073 102 | SRR PUPPPPPRR f08tq
all eigenvalues and eigenvectors by reduction to tridiagonal form ............cccccceeeeeiinnnnne, f08sn
all eigenvalues and eigenvectors by reduction to tridiagonal form, packed storage format
£08tn
selected eigenvalues and eigenvectors by reduction to tridiagonal form .......................... f08sp
selected eigenvalues and eigenvectors by reduction to tridiagonal form, packed storage
1013 10T AP PUUPURRRR f08tp

real symmetric-definite eigenproblems:
banded matrices:

all eigenvalues and eigenvectors by a divide-and-conquer algorithm ............cccccceeunnnnnnn. f08uc
all eigenvalues and eigenvectors by reduction to tridiagonal form ..............ccccccceeniiiiiiis, f08ua
selected eigenvalues and eigenvectors by reduction to tridiagonal form .......................... £08ub
general matrices:
all eigenvalues and eigenvectors by a divide-and-conquer algorithm ............ccccceeereennee. f08sc
all eigenvalues and eigenvectors by a divide-and-conquer algorithm, packed storage
FOTTINAL <.ttt e et e e st e e s e et e e s e smen e e e s nnnaee e e mneeeeeans f08tc
all eigenvalues and eigenvectors by reduction to tridiagonal form ................ccccceiiiiiini, f08sa
all eigenvalues and eigenvectors by reduction to tridiagonal form, packed storage format
f08ta
selected eigenvalues and eigenvectors by reduction to tridiagonal form ..............cccc........ £08sb
selected eigenvalues and eigenvectors by reduction to tridiagonal form, packed storage
FOTTINAL <.ttt et e e et e s e e s e nn e e e s e mneeeeeans £08tb

Generalized eigenvalue problems for nonsymmetric matrix pairs:
complex nonsymmetric matrix pairs:

all eigenvalues and left/right IZENVECIOTS ......eeviiiiiiiiiiieeiiiiieeeee e e e e e e f£08wn
all eigenvalues and left/right eigenvectors, plus the balancing transformation and reciprocal

CONAItION NUIMDETS ..iiiiiiiiiiieeeiiiiiiiieeeeeeeeeeeeecieereeeeeeeeeeeeennaereesaaeeaeaaeeannnsenesaaaasesesssannnnsnnnns f£08wp
all eigenvalues, generalized Schur form and Schur vectors ........cccccoeeeeeiiiiiiiiieiieeeecceeen, £08xn
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all eigenvalues, generalized Schur form, Schur vectors and reciprocal condition numbers ... £08xp
real nonsymmetric matrix pairs:

all eigenvalues and left/right @IZENVECIOTS ......eeiiiiiiiiiiiiieiiiiieeee et e e f08wa
all eigenvalues and left/right eigenvectors, plus the balancing transformation and reciprocal
CONAIION NUMDELS ...eiiiiiiiiiiiiiiiitii ittt e e et e e e ane e e s ene e e e eemnreeeeemnneeeeemmnneens £08wb
all eigenvalues, generalized real Schur form and left/right Schur vectors ..........ccccceeuuunneeee. f08xa
all eigenvalues, generalized real Schur form and left/right Schur vectors, plus reciprocal
CONAIION NUIMDEIS ..eeeiiiiiiiiieiiiittteeeeittee e et e e e ettt e e e ettt eesesuateeeseeasrteeeesanseaeessaaseeeesanneeeens £08xb
Generalized QR factorization:
COMPIEX MALTICES: .ovvvirrreuniununnieinaaeaaeeaeeeaeeeeeeeaeeeeeeeeeseeeereeeenmnessssssssssssnssssssssnnsssssssssssssessseeaasaees £08zs
TEAL IMALIICES. 1eiiieeeeiiiiiieeeeeeeeeeeeeetttteeeeeeeeeeeeenneaeeaaaaaeeesasaasnnsssseaaaaessesssasnsssssaasaaaeeesessennnnssnees f08ze
Generalized RQ factorization:
COMPIEX IMAITICES: .evveireeeereeeeeeaiirritteeeeeeeaaaaaaaeaeeteeaaeeeeaaaaaannssnseeaaaaeseassssannsssnsaseeeeessssansnnnnssnees 08zt
TEAL TNALIICES. .evveeeiriieeeeeeeiiteeeeeitteee e ettt eeeneeeeeeenreeeeeeanraeeeesnraeeeesansraeeesennreneessnnseaeeesnmenaeesns £08zf

Generalized singular value decomposition
after reduction from complex general matrix:

complex triangular or trapezoidal MatriX PAIL ......cceeeeiieeeeeiiiiiiiieeeeeeeeeeeereeeee e e e e e e f08ys
after reduction from real general matrix:

real triangular or trapezoidal MatriX PAIT ...ceeeeeeeiieiiiiiieeeiieeeeeeeiee e e e e e e e e e e f08ye
COMPIEX MALIIX PAIT ©vvvrrurruununnniiairaeaeaaeeeaeeaeeeeeeeeeeeeeeesesseseeresmessssssssssssssssssssssnsssssssssssssssssssssaseees £08vn
TEAL MNALTIX PAIT .uuuuuiiiiiieeeeeeeeeeeeeereeeeeeeeeeeeeeeeeeereeeeesessssnsssssssssssssssssssssssssseseeseeeeessssessessemsssssnnsnnns f08va
reduction of a pair of general matrices to triangular or trapezoidal form:

COMPIEX MALTICES .evvrrrrererreeeeeeeieirrieteeeeeeeaaaeaaeaeeteaeaeeeesaaaaaannsereeaaaessssssassssssssesssassssesssannnssssens f08vs

TEAL MNALIICES .uvveeeieiitiieeeettte e e ettt et e ettt e e e ettt e e e eaaetee e e ettt e e senbbteeesaasaeeeeeessaeeeesaaseeeeeananees f08ve

Least squares problems with linear equality constraints
complex matrices:
minimum norm solution subject to linear equality constraints using a generalized RQ
FACLOTIZATION ...tieiiiiiiieee ettt ettt ettt ettt e e et e e e e ettt e e e e bt e e e e abt e e e e e bt eeeeeaasbeeeeeaaneaaeas £08zn
real matrices:
minimum norm solution subject to linear equality constraints using a generalized RQ
FACLOTIZATION ...veeieiiiiiieieitiee ettt ettt et e e ettt e e st e e s mee e e s eesmneee e eesnseeeessmnneeeeenmnnnens £08za
Least squares problems:
complex matrices:

apply orthogONal MALITX ..eeeeeeeiiiiiiieeee e et eee e e e e e e et e e e e e e e e e e e e neereeeaeeeeeesesnnnnnnees £08bx
minimum norm solution using a complete orthogonal factorization .............ccccccevveeerreeeennn. £08bn
minimum norm solution using the singular value decomposition ..........ccceeeeeeeeeeeeeeeeeeeeeeennn. £08kn
minimum norm solution using the singular value decomposition (divide-and-conquer) ........ £08kq
reduction of upper trapezoidal matrix to upper triangular form ..........cccoeeeeeiviiiiiiieeeeeeeeennn, £08bv
real matrices:
apply orthogoNal MALITX ..eeeeeeeeiiiiiiieee e ettt e e e e e e e e eeeeertee e e e e e e e e e e nnnreeeaeeeesesssennnnnnnens f£08bk
minimum norm solution using a complete orthogonal factorization .............cceeeeeeeeeeeeeeenenene. f£08ba
minimum norm solution using the singular value decomposition ............ceeeevveeeiieeeeeirnneennn. f£08ka
minimum norm solution using the singular value decomposition (divide-and-conquer) ........ f08kc
reduction of upper trapezoidal matrix to upper triangular form .........ccccoeeeeeieiiiiiiieeeeneneeennn, £08bh
Left and right eigenvectors of a pair of matrices:
complex upper triangular MAICES ....cceiiieeeeeriiieititeeeeeeeeeeeeeeereeeeeeeeeessenannereeeeeeeesssssesnnnneeees f08yx
real quasi-triangular MALTICES ..........ceeeiieiieeiiieieiiieiiieeeeeeeeeeeeeaeesseaaeeeeaaesaaeeeeesesesessesssssssssnnes f08yk

LQ factorization and related operations:
complex matrices:

APPLY UNIEATY MALITIX 1eeeieriiieeeeiiitiieeeeeeeeeeeeeeeetteeeeeeeseeeeennnerteaeeeeessssaannnneneaaaaeeesssssannnnnnnees f08ax

B Te 0 u V221110 | LSRR f08av

form all or part of UNItAry MAtriX ..........cceeeiiiiiiiiiiiieecieeceeece e eeesee e e e e e e e e e e eeeaeeaaens f08aw
real matrices:

apply OrthogONal MALIIX ..eeeeeeeeeiiiiiieeeeeeeeeeeectiteee e e e e e e e eeeeeereeeeeeeeeeeeennnnereeeaaaeesesesannnnsnnens f08ak

BT 0 g 12211 10 | LSS PPRRRR f£08ah

form all or part of orthogonal MAtrIX ......ccccceoiiiiiiiiiiiiieceee e e e e £08aj

Operations on eigenvectors of a real symmetric or complex Hermitian matrix, or singular vectors of
a general matrix:
estimate CONAItION NUIMDETS .......eiiiiiiiiiiiiiitee ettt ettt e ettt e e et e e e e e et eeeeeaeteeeeeaeeeeeeeaeas f08f1
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Operations on generalized Schur factorization of a general matrix pair:
complex matrix:

estimate condition numbers of eigenvalues and/or €igenvectors .........cccccceeeeeeeeeeeereeeenuenenen. f08yy

re-order SChur fACtOTIZAtION .....ccccueeeiiiiiiiiiiiieeeeetee ettt e e e e e e e e e e e e e e e e e e eaans 08yt

re-order Schur factorization, compute generalized eigenvalues and condition numbers ......... £08yu
real matrix:

estimate condition numbers of eigenvalues and/or €igenvectors ..........ccccceceeeeeeeeeeeeeeeeennnnnen. 08yl

re-order SChur fACLOTIZAtION .....cccceeiiiiiiiieeeee ettt eee e e e e e e et e e e e e e e e eeeeenerreeeeeeeeseeennnnns f08yf

re-order Schur factorization, compute generalized eigenvalues and condition numbers ......... f08yg

Operations on Schur factorization of a general matrix:
complex matrix:

compute left and/or right EIZENVECLOS ...ccceeueeiiiiieeeieeeeeeeeieeeee e e e e e e ee e e e e e e e e eeeeeeeens £08gx
estimate sensitivities of eigenvalues and/or €iZENVECLOrS .........cceeeererrreeeriierreeeeeeeeeeeeeeneeeeeees f£08qy
re-order SChur fACtOTIZAtION ....ccceeeeeeiiiiieeeee i ettt e e e ettt e e e e e e e e e sneeeeeeeeeeeeeeenans £08qt
re-order Schur factorization, compute basis of invariant subspace, and estimate sensitivities
£08qu
real matrix:
compute left and/or right EIZENVECLOTS ...ccceueeeiiiiieieieiieeeeieteee e e e e e ee e e e e e e e e eeeeeeees £08qk
estimate sensitivities of eigenvalues and/or €iZENVECLOTS .........ceeeeerrireeeeriieereeeeeeeeeeeeeeeeeeeees £08ql
re-order SChur fACtOTIZAtION .....ccccuueeeiiiiiiieiiiieeeee ettt e e e e e e e e e e e e e e e e e e eaans £08qf
re-order Schur factorization, compute basis of invariant subspace, and estimate sensitivities
£08qg

Overdetermined and underdetermined linear systems
complex matrices:

solves an overdetermined or undetermined complex linear SyStem ............cccceeeeeeeeeeeeeeeeennn. f£08an
real matrices:
solves an overdetermined or undetermined real linear SyStem ...........ccccceeeeveieeeeeeeeeeeeeennnnnen. f08aa

QL factorization and related operations:
complex matrices:

APPLY UNIATY TMALTIX oeeereiiiieeeeiiiiiiteeeeeeeeeeeeeeeeeeeeeeeeeseeeaneeteaeeeeeesseaanannneraaaaaeessssssannnnnnnees f08cu

BT 0 u V221110 | LSRR f08cs

form all or part of UNItary MAtriX ........cceeeeiriiiiiiiiiiieieiccceece e e e e e e e e e e e e e e e e e eaaeens f£08ct
real matrices:

apply orthogONal MALITX ..eeeeeeiiiiiiieeee e e eeeeeeeeeee e e e e e et ee e e e e e e e e e eenneeeeeaeeeeeesesnnnnnnees f08cg

B Te 0 u V221110 | LSRR f08ce

form all or part of orthogonal MAtriX .............ceieiiiiiiiiiiiiiiiiiereeeee e e e e e e e e e e e e e e eeeeens f£08ct

OR factorization and related operations:
complex matrices:

APPLY UNIEATY MALIIX 1eeeeeiiieeeeeeiiiiiieeeeeeeeeeeeeeeeeteeeeeeeeeeaaaannnnereaaeaeeesassasannsereeaaaeeesesnsannnnnssees f08au
FACLOTIZATION ..etiiiieiiiiiieeeitte ettt ettt e ettt e e ettt e e s ettt e e e aate e e e eeanbteeeeeambteeeseanseaeeesanneanens f08as
factorization,
with column pivoting, using BLAS-3 ... oo e e e e e e e e e £08bt
factorization, with COIUMN PIVOLING ..eeiiiiieeeiiiiiiieeee e ettt e e e e e e e e e eeeereeeeee e e e e e eeneeeeas £08bs
form all or part of UNItAry MALIIX ....cceeiieeeeeiiiiiiieeee e e eeeeeereee e e e e e e e e eeeeeeeeeee e e e e e eeeeeeeas f08at
real matrices:
apply orthogonal MAITX ..eveeeeeieiiiiiiietee ettt e e tee e e e e e e e e e e e e e e e e e e s e snneneas f08ag
FACLOTIZATION ...eeeieiiiiieeieiteee ettt ettt e e ettt e e st e e s mee e e s eeemnee e s eesmrnaeesemnneeeeenmnnnens f08ae
factorization,
with column pivoting, using BLAS-3 ..ot e e e e e e f£08bf
factorization, with COIUMN PIVOLING .eevviiieeeeiiiiiieeee ettt ee e e e e e e e £08be
form all or part of orthogonal MAtriX ......ccceeeiiiiiiiiiiiiiieee e f08af
Reduction of a pair of general matrices to generalized upper Hessenberg form,
orthogonal reduction, real MALFICES .....cceeeeeieiieiiieeiiiiieeeeeeeeceeee e e e e e e e e e e e e e e e e eeeaaaaaens f08we
unitary reduction, COMPIEX MALTICES .....uvvrrreererreeeeeeeiiiiiieeeeeeeeeaeeaerrreeeeeeeeseeeeeasnnsssresaaeeseeesannnns f08us

Reduction of eigenvalue problems to condensed forms, and related operations:
complex general matrix to upper Hessenberg form:

F2Y0) o] A 0) 1 a0 Tede] oY BB o Yo o 0 O RURPURSR £08nu
form orthOGONAL MALITX ...eeceeeeeeiiiiiiieeeeeeeeeeeciereee e e e e e e e e eeeereeeeeeeeeeeeeannnseneeaaaaeesasssnnnnnnnnns f08nt
reduce to HesSenberg fOIM ......cccceeeiiiiiiiiiiie ettt e e e e e e e e eerreeeeeeeeeeennnns f08ns
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complex Hermitian band matrix to real symmetric tridiagonal form ...........ccccccceiiviiinieiiinnneen. f08hs
complex Hermitian matrix to real symmetric tridiagonal form:
APPLY UNIEATY TNALTIX 1eeereriieeeeeieiieeeeeeeeeeeeeieeeeeeeeeeeeeeeeennereeeeeeeessseensnnnnereaaaaeeesssssannnnnnnees f08fu
apply unitary matriX, packed STOTAZE ..........ccceeiiiiiiiiiiiiiiiiiiriiiieeeeeeee e e e e e e e e e eeeeeeaeaens £08gu
fOIM UNIEATY MALIIX  ©eviiiiiiiiiiiieeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeereeneessssnsssnnsnsnssnnnnssasssesssseeeaaaeeaaeees f08ft
form unitary matriX, packed STOTAZE .......cccceeeeiiiiiieeieeeeeeeeieieeeeeeeeeeeeeeeerrreeeeeeeeeeeennnnnnnes f08gt
reduce to tridiagonal fOIrM ......cccccoiiiiiiiiiiie e e e e e e e e e e e e e e e f08fs
reduce to tridiagonal form, packed StOTAZE ......ccccceeriiiiiiiiiiieeeiiiiieee et e e e e e e f08gs
complex rectangular band matrix to real upper bidiagonal form .........cccccceeeeeeeieeeeeeeeeeeeeeeeeeeennn. £081s
complex rectangular matrix to real bidiagonal form:
APPLY UNIATY MALIIX 1eeeieiiieeeeeeoiiiieeeeeeeeeeeeeeiieteeeeeeeeeeeaaeannnsereeaaaeeasassssssnsssssseaaseesesssennssssnees £08ku
fOrmM UNIATY MALIIX 1eiiiiiiiiieeeeiiiiiiie e e e e e eeeeeeetteeeeeeeeeeee e aeeeeeeeaeeeeeaaaannnseeeaaaaaeesesnsennnsnnnens 08kt
reduce to bidiagonal fOrM ......ccceeiiiiiiiiiieie et e e e e e e e e e e e f08ks
real general matrix to upper Hessenberg form:
apply OrthOZONAl MALIIX ...uuueeiiiieeiieeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeerrreeeeeeeeeenanannnnnaaaaaaaasaseaaaaseeaaeees f08ng
form OrthOZONAl MALIIX ....ueeieiiiiieiieeeeeee e e ee e e e e eeeeeeee e eeeseeeseeseseseaasaaaaans £08nf
reduce to HesSenberg fOIM ....cccccceiiiiiiiiiiiie ettt e e e e e e e e eeeeeeeeeeeeeeeennns f08ne
real rectangular band matrix to upper bidiagonal form ..........cccccciiiiiiiiiiiiiiiii e, f081le
real rectangular matrix to bidiagonal form:
apply OrthOZONAl MALIIX ...uueieiiiieiiieeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeereseeeaseeeeennennnnnnnaaasaeaseaasseasaeaeeaaeees f08kg
form OrthOZONAl MALIIX ....uueiiiiiieeieeeeeeeeeee e e eeeeeeeeeeee e eeeeeeeeeeeeseeeaaaaaaaans f08kf
reduce to bidiagonal fOIrM ......ccccceeiiiiiiiieiie et e e e e e e e e e e e e e e e e e ennns f08ke
real symmetric band matrix to symmetric tridiagonal form .........ccccceeeeeeeciiiiiiiieeee e, f08he
real symmetric matrix to symmetric tridiagonal form:
apply OrthOZONAl MALIIX ....uuieiiieeieeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeerreeeeenennennnnnnnnnnaaaaaaaeaseseaaaaeeeaeaees f08fg
apply orthogonal matrix, packed StOTAZE ..........cceeiiiiiiiiiiiiiiiieeeeee e e e e e e e £08gg
form orthOGONAL MALITX ..eeeeeeeeeiiiiiieeeeeeeeeeeecitteeeeeeeeeeeeeeeeereeeeeeeeeeeeennnnseneeaaaaeesesssannnnnnnnes f08ff
form orthogonal matriX, packed SOTAZE ....ccccceiiiieiiiiiiieeiiiieee e e e ereee e e e e e e e f08gf
reduce to tridiagonal fOrM ......ccccoiiiiiiiiiiii et e e e e e e e f08fe
reduce to tridiagonal form, packed StOTAZE .....ccccoeeiiiiieiiiiiiieeieeeee e f08ge
Reduction of generalized eigenproblems to standard eigenproblems:
complex Hermitian-definite banded generalized eigenproblem Ax = ABX ...ccccccceeieiiiiiieiiiunneenn. f08us
complex Hermitian-definite generalized eigenproblem Ax = ABx, ABx = Ax or BAx = Ax ......... f08ss
complex Hermitian-definite generalized eigenproblem Ax = ABx, ABx = Ax or BAx = \x,
PACKEA STOTAZE ...eeeeeieeiiiiieeeee e e ettt et e e e e e ettt e e e e e e e e s nnrreeeaeeeeseseennnnneaaaaaeeeesenannnnnnnees f08ts
real symmetric-definite banded generalized eigenproblem Ax = ABX ......cccevvviiiiiiieeieeereeeeeeeeeeens f08ue
real symmetric-definite generalized eigenproblem Ax = ABx, ABx = Ax or BAXx = AX ..ccccuuueeeee. f08se
real symmetric-definite generalized eigenproblem Ax = ABx, ABx = MAx or BAx = \x, packed
STOTAZE eeeennteiinee ettt et ettt ettt e et ettt s etaa e etena e e taa e taa e s etan e e tan e et e e taa s e tan e eenn e eaanaaaees f08te

RQ factorization and related operations:
complex matrices:

APPLY UNIEATY MALTIX  eitiiiiiiiiiiieeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeereaneesnnnnsssnnsnnnnnnnnaaaasssssesseseeeseaaaaees £08cx

BT 0§ 2213 10 ) LSRR f08cv

form all or part of UNItAry MALIIX ...cceeeiieeeeeiiiiiieeeee e e e e e e e e e e eeeerreeeeeee e e e e eeneeees f08cw
real matrices:

apply orthogonal MAIIX ..eieeeeiiiiiiieeee ettt e e eee e e e e e e e e nere e e e e e e e e e e e nsnnnneas £08ck

BT 0 u V221110 | LSRR £08ch

form all or part of orthogonal MAtriX ............eeeiiiiiiiiiiiiiiiiiieeeee e e e e e e e e e e e eeeeens £08cj

Singular value decomposition
complex matrix:

using a divide-and-conquer algOTithm ..........ooeeeeiiiiiiiiiiiiiiieeeeeee e f08kr
using bidiagonal QR IEIatiON ............cceeiiiieiieeiiieiiierieireeeeeeeeeeeennaeennnaaaaaeaaeeseesaeesaeaaeaaaeees £08kp
real matrix:
using a divide-and-conquer algOrithm ..........cceeeeeiiiiiiiiiiiiieeeeeee e e e e e e e e e e £08kd
using bidiagonal QR IEIAtION ........cccccccviiiiireeeeeeeeeieereteeeeeeeeeaeeeanerrreeeeeeseeaaaaannnsssreeaeases £08kDb
Solve generalized Sylvester equation:
o0 00] o) 1o 11 1 g 1o PO UPPPT f08yv
TEAL MALTICES oottt ettt ettt ettt et e e e e e e e e e et e e e e e e e e e s e aeet et e eeeeeeeeeeennnneeeas f£08yh
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Solve reduced form of Sylvester matrix equation:

COMPIEX MAITICES .evvrrrreeeereeeeeeeaietiteeeeeeeeaaaaaaaeaeeeteaaeeeeaaaaaannssneeeaaaseeeassssansnssseeeseeeeesssnsasnnnnssnees f£08qv

TEAL MAITICES 1eviieeiieiiiiiteeeee et e eee ettt e et e e e e e e e e rreeeeeeeeeeeeas s nneeeeaaeeeseesaasnnnnetaaaaaeeessasasnnnnnnnees £08qh
Split Cholesky factorization:

complex Hermitian positive-definite band matrixX ..........coeeeviiiiiiiiiiiiiiiiiirrreeeeeee e e e e eeeen f08ut

real symmetric positive-definite band MAatriX .......cccccceeiiiiiiieeeiiiiiieee e e f08uf
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